
Homework 1: Linear Smoothers
Due April 19th

PART I

1. The Strontiumdatasetwascollectedto testseveral hypothesesaboutthe
catastrophiceventsthatoccurredapproximately65 million yearsago. The
datacontainsAgein million of yearsandtheratiosdescribedhere.Thereis
a division betweentwo geologicaltime periods,theCretaceous(from 66.4
to 144million yearsago)andtheTertiary(spanningfrom about1.6to 66.4
million yearsago).Earthscientistbelieve that theboundarybetweenthese
periodsisdistinguishedby tremendouschangesin climatethataccompanied
amassextensionof overhalf of thespeciesinhabitingtheplanetatthetime.
Recently, thecompositionsof Strontium(Sr) isotopesin seawaterhasbeen
usedto evaluateseveralhypothesesaboutthecauseof theseextremeevents.
Thedependentvariableof thedata-setis relatedto theisotopicmake up of
Sr measuredfor the shellsof marineorganisms.The Cretaceous-Tertiary
boundaryis referredto asKTB. Thedatashow a peakat this time andthis
is usedasevidencethatameteorcollidedwith earth.

Thedatapresentedin thefigurerepresentsstandardizedratio of strontium-
87 isotopes(

���
Sr) to strontium-86isotopes(

���
Sr) containedin theshellsof

foraminiferafossils taken form corescollectedby deepseadrilling. For
eachsampleits time in history is computedand the standardizedratio is
computed: �����

Sr � � ���
Sr	 ��� Srsample���

Sr	 ��� Srseawater 
���
����������
Earthscientistexpectthat

��� �
Sr is a smooth-varying function of time and

thatdeviationsfrom smoothnessaremostlymeasurementerror.

Considerthemodel � ���������! #"%$&�('()*�,+.-/$�02143�5 �
andassumethatthe " ’sareIID 6�� � $2798:� .
(a) Considerthe leastsquaresestimatesobtainedwhenwe assumethat�;';< , thespaceof polynomialsof order4, 6, 8 and12. Discussthe

estimatesobtainedundertheseassumptions.(Hint: talk aboutdegrees
of freedom,over-fitting andunder-fitting)
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(b) Givena sequence-=�?>�@BAC>2DEA �%��� AF>�GHAC>�G�I�DJ�K0 , constructL  � (disjoint) intervals)%MN�O+P>�MRQ/DS$T>�MU�S$ �WVYX�V L and )ZG�I�D[�\+ >�G]$T>�G^I�D�1_$
whoseunionis )`�a+b-N$20�1 . Definethepiecewisepolynomialsof ordercd �e���f� ghi hj

d DZ�����f�lk�D�mPD! nk�D�m 8 �o ���%�  nk�D�m pS� pZQ/D $ �('q)rD
...

...d G^I�D%�e���[�sk%G^I�D�mPD! nk%G�I�D�m 8 �J �����  ;k%G^I�D�m pS� pZQ/D $t�u'q)%p�I�D �
Is thespacecontainingthesefunctiona linearspace?If sowrite out
a basismatrix and explain how you would estimatethe parametersv �,�wk�D�mPD:$ ���%� $�k%G�I�D�m p���x if wewereto assumethat � is in thisspace.

(c) In the previous exerciseare thereany conditionsyou needfor they�z|{_}
’sand )ZG ’s for thesolutionto beunique?

(d) Try fitting thefollowingpiecewisepolynomials(youchoosethebreak-
points)

i. k = 1, 2-pieces,
ii. k = 2, 2-pieces,

iii. k = 1, 4-pieces,and
iv. k = 2, 4-pieces.

Commentonthefits andcomparethemto theonesobtainedin exercise
2 in Part I.

(e) Constructa testto seeif the two quadraticpiecesin 4b arethesame.
Explainwhy this testdoesn’t reallymakesensein practice.

2. Find an estimateof the regressionfunction � definedfor the Strontium
dataset usingnaturalsmoothingsplines. Usecross-validation to choose
a penaltycoefficient ~ . Make a plot of CV( ~ ) vs. ~ and comparethe
“smooths”.

3. Useloessto estimatethe regressionfunction � definedfor the Strontium
dataset.

(a) Usecross-validationto choosethesmoothingparameter(whatR calls
span).
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(b) Assumetheerrorsarenormalandconstructpoint-wiseconfidencein-
tervalsmakeaplot.

4. Repeatexerciseproblem2 for the CD4 cell countdata. Discusswhy the
regressionmodelusedin problem2 isn’t asusefulfor this case.How does
thisaffect theinterpretationof theresults.

5. Derive thefollowing formulasfor a linearsmootherestimate���� ��� ��� :

(a)

MSE��~���� � Q/Dl�� {�� D var
y �� � �e� { � }  ave�e� 8� �� � Q/D tr ��� � � x � ��7 8  ;� Q/D � x� � �

PSE��~���� y �  ;� Q/D >������ � � x � � } 7 8  ;� Q/D � x� � � �
(b)

E
y
ASR�_~�� } ��� ��
 � Q/D tr ����� � 
 � � � x � ���[7 8  ;� Q/D � x� � �

(c)

CV �_~��f�s� Q/D �� {�� D��
� { 
 �� � �e� { ���
�� {�{ � 8

(d)

E +CV ��~���1�� PSE��~��! #� ave+ diag��� � ��� 8 1 �
UsefulR functions:read.table, scan, apply, sapply, poly, cut,
cbind, rep, lm, sort, order
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