Chapter 2

Overview of various smoothers

A scatteiplot smootheis atool for findingstructuren ascatteplot: (1, y1),- - -, (Tn, Yn)

Figure2.1: CD4 cell countsinceserocorersionfor HIV infectedmen.
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e Supposehatwe considery = (yi,...,y,) astheresponse measurements
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andx = (z1,...,z,) asthedesign points.

e We canthink of x andy asoutcomesof randomvariableX andY. How-
ever, for scatteplot smoothersve don't really needstochasti@assumptions,
it canbe considerecisadescriptve tool.

e A scattemplot smootheicanbedefinedasa function(remembethegeneral
definitionof function) of x andy with domainatleastcontainingthevalues
inx: s = S[y|x].

e Thereis usuallya “recipe” that gives s(z,), which is the function S[y|x]
evaluatedat x,, for all x,. We will becalling z, the target value whenwe
giving the recipe. Note: Somerecipesdon't give an s(x) for all zg, but
only for thez’sincludedin x.

Notewewill callthevector{s(z;),...,s(z,)}" asthesmooth.

Hereis a stupidexample:If we assumea randomdesingmodelandtake expec-
tationsovertheempiricaldistribution F', definedby theobsenations,we have for

ary xg € {z1,...,2,},
E:Y|X = xo] = ave{y;; z; = xo}.
Defines(zy) = Ez[Y|X = x]. Whathappensf thex; areunique?
SinceY and X are, in general,non-catgorical we dont expectto find mary

replicatesatary givenvalueof X. Thismeanghatwe couldendup with thedata
again,s(zq) = yo for all . Not very smooth!

Note: For cornvenience throughout this chapter we assumethat the dataare
sortedby X.

Many smootherdorce s(x) to be a smoothfunctionof z. This is a fang/ way
of sayingwe think datapointsthatareclose(in =) shouldhave roughlythe same
expectation.
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2.1 Parametric smoother

Theseare what you have seenalready We force a function definedby “few”
parameter®n the dataand use somethinglike leastsquaredo find the “best”
estimategor the parameters.

For example,aregressiorline computedvith leastsquaresanbethoughtof asa
smoother In this caseS[y|x](zo) = (1 x) (X'X) X'y with X a designmatrix
containinga columnof 1'sandx (cbi nd( 1, x) ).

Thelackof flexibility of thesetypesof smoothecanmake themprovide mislead-
ing results.

Figure2.2: CD4 cell countsinceserocorersionfor HIV infectedmen.
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2.2 Bin smoothers

A bin smootheralsoknown asaregressogramnimicsa cateoricalsmootheby
partitioningthe predictedvalueinto disjointandexhaustve regions,thenaverag-
ing theresponsen eachregion. Formally, we choosecut-pointscy < ... < ¢k
wherec, = —oo andcx = oo, anddefine

Ry={i;cx <z <cpp};k=0,...,. K
theindexesof the datapointsin eachregion. ThenS|y|x] is givenby

5(zo) = aveiep, {vi} if o € Ry

Noticethatthebin smoothemwill have discontinuities.

Figure2.3: CD4 cell countsinceserocomersionfor HIV infectedmen.
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2.3 Running-mean/moving aver age

Sincewe have noreplicatesandwe wantto force s(x) to besmoothwe canusethe
motivationthatundersomestasticamodel.for ary z, valuesof f(z) = E[Y|X =
x] for z closeto z, aresimilar.

How do we defineclose?A formal definitionis the symmetric nearest neighbor-
hood
N¥(z;) = {max(i — k,1),...,4—1,4,i + 1,min(i + k,n)}

We maynow definerunningmeanas:

s(x;) = avejeNS(wi){yj}

We canalsoforgetaboutthesymmetrigpartandsimply definethenearesk neigh-
bors.

Figure2.4: CD4 cell countsinceserocorersionfor HIV infectedmen.
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This usuallytoowiggly to be considerediseful. Why do you think?
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Notice we can alsofit a line insteadof a constant. This procedureis called
running-line.

Canyou write outtherecipefor s(z;) for therunning-linesmoother?

2.4 Kerne smoothers

One of the reasonswhy the previous smootherds wiggly is becausavhenwe
move from z; to z;; two pointsareusuallychangedn the groupwe average.If

thenew two pointsareverydifferentthens(z;) ands(x;,1) maybequitedifferent.
Oneway to try andfix thisis by makingthetransitionsmoother That's theidea
behindkernelsmoothers.

Generallyspeakinga kernel smootherdefinesa set of weights{W;(z)}?_, for
eachz anddefines

s(z) = 3 Wil

Wewill seethatmostscatteiplotsmootherganbeconsideredo bekernelsmoothers
in this very generalefinition.

Whatis calleda kernelsmootherin practicehasa simpleapproacho represent
the weightsequencd W;(z)}7 , by describingthe shapeof the weightfunction
Wi;(x) by adensityfunctionwith a scaleparametethat adjuststhe sizeandthe
form of theweightsnearz. It is commonto referto this shapgunctionasakernel
K. Thekernelis a continuous poundedand symmetricreal function K which
integratesto one,

/K(u) du=1.
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For agivenscaleparameteh, theweightsequencés thendefinedby

K (55%)

= Z?ZIK (m;lwm)

Whi (l‘)

Notice: Y " | Whi(z;) =1

Thekernelsmootheis thendefinedfor any x asbeforeby

s(x) = ZWM(:E)Y;.

Notice: if we considerz andy to be obserationsof randomvariablesX andY
thenonecangetanintuition for why this would work because

EIYIX] = [ yfcs(a,y) d/fx(o),
with fx(z) themawginal distribution of X andfx y (z, y) thejoint distribution of

(X,Y),and
,n,fl Z?:l K (m—hacz) i
s(x) = - v
(=) n‘lzile( hz)

Becausewe think pointsthat are closetogetherare similar, a kernel smoother
usually definesweightsthat decreasen a smoothfashionas one moves away
from thetargetpoint.

Runningmeansmootherarekernelsmootherghatusea“box” kernel. A natural
candidatdor K is thestandardsaussiamensity (Thisis veryinconvenientcom-
putationallybecausets never 0). This smoothis shavn in Figure2.5for h = 1
year

In Figure2.6 we canseetheweightsequencéor theboxandGaussiarkernelsfor
threevaluesof z.
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Figure2.5: CD4 cell countsinceserocomersionfor HIV infectedmen.
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Figure2.6: CD4 cell countsinceserocorersionfor HIV infectedmen.

Kernels

Weights
0.06 0.08

0.04

0.02

0.00



14 CHAPTERZ2. OVERVIEW OF VARIOUS SMOCOTHERS

24.1 An Asymptoticresult

For the asymptotictheory presnetecherewe will assumehe stochastiadesign
modelwith aone-dimensionatovariate.

For the first time in this Chapterwe will setdown a specificstochastianodel.
Assumewe haven IID obsenationsof therandomvariables( X, Y') andthat

whereX hasmaminal distribution fx (z) andthee; 11D errorsindependentf the
X. A commonextra assumptions thatthe errorsarenormally distributed. We
arenow goingto letn goto infinity... Whatdoesthatmean?

For eachn we definean estimatefor f(z) usingthe kernelsmoothemwith scale
parametenh,,.

Theorem 1 Under the following assumptions

1 [|K(u)|du < o0
2. limyy oo uK(u) =0
3. E(Y?) < oo

4. n — oo, h, — 0,nh, — oo

Then, at every point of continuity of f(z) and fx(x) we have

Z?:l K (%) Yi
Y K (555)

— f(z) in probability.

Proof: Homework. Hint: Startby proving the fixeddesignmodel.
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2.5 Linear smoothers

Mostof thesmoothepresentedherearelinearsmoothersvhichmeanghatthefit
atary pointz, canbewrittenas

s(z) = ZSj(x)yj-

In practicewe usuallyhave themodel
YVi=f(Xi) + &

andwe haveobsenations{(z;, ;) }. Many timesit isthevectorf = { f(x1),..., f(z,)}
we areafter In this casethevectorof estimated = {f(z,),..., f(z,)} canbe
written as

f= Sy

with S amatrixwith thei,j-th entry S;(z;). We will callf thesmooth.
This malesit easyto figure outthingslik e thevarianceof f since
varfSy| = Svarly|S’

whichin thecaseof IID datais o%SS'.



