
Chapter 2

Overview of various smoothers

A scatterplotsmootherisatool for findingstructurein ascatterplot:
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Figure2.1: CD4cell countsinceseroconversionfor HIV infectedmen.
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� Supposethatwe consider��� ���	�����
�
��������
��
astheresponse measurements
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and ��� �������
�
�
� �����!
"�
asthedesign points.

� We canthink of � and � asoutcomesof randomvariable # and $ . How-
ever, for scatterplot smootherswedon’t reallyneedstochasticassumptions,
it canbeconsideredasadescriptive tool.

� A scatterplot smoothercanbedefinedasa function(rememberthegeneral
definitionof function) of � and � with domainat leastcontainingthevalues
in � : %&�('*) �,+ ��- .

� Thereis usuallya “recipe” that gives % ���/.�
 , which is the function '0)1�,+ �2-
evaluatedat

�/.
, for all

�/.
. We will becalling

�/.
the target value whenwe

giving the recipe. Note: Somerecipesdon’t give an % ���/.�
 for all
�/.

, but
only for the

�
’s includedin � .

Notewewill call thevector 3�% ������
��
�
����� % �����4
�56� asthe smooth.

Hereis a stupidexample:If we assumea randomdesingmodelandtake expec-
tationsover theempiricaldistribution 78 , definedby theobservations,wehavefor
any

�/.:9 3 �����
�
���������	5 ,
;=<> )?$@+ #A� �/. -B� ave3 ��CED���C � �/.
5F�

Define % ���/.�
 � E
<> )G$H+ #I� �/. - . Whathappensif the

��C
areunique?

Since $ and # are, in general,non-categorical we don’t expect to find many
replicatesatany givenvalueof # . Thismeansthatwecouldendupwith thedata
again,% ���/.�
 � ��.

for all
�/.

. Not verysmooth!

Note: For convenience,throughout this chapter, we assumethat the dataare
sortedby # .

Many smoothersforce % ���B
 to be a smoothfunction of
�
. This is a fancy way

of sayingwe think datapointsthatareclose(in
�
) shouldhave roughlythesame

expectation.



8 CHAPTER2. OVERVIEW OFVARIOUSSMOOTHERS

2.1 Parametric smoother

Theseare what you have seenalready. We force a function definedby “few”
parameterson the dataand usesomethinglike leastsquaresto find the “best”
estimatesfor theparameters.

For example,a regressionline computedwith leastsquarescanbethoughtof asa
smoother. In this caseJ,)1�,+ ��- ���/.�
 � ��KL�/.�
M��NO�PNH
�Q � NO� � with

N
a designmatrix

containingacolumnof 1’sand � (cbind(1,x)).

Thelackof flexibility of thesetypesof smoothercanmakethemprovidemislead-
ing results.

Figure2.2: CD4cell countsinceseroconversionfor HIV infectedmen.
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2.2. BIN SMOOTHERS 9

2.2 Bin smoothers

A bin smoother, alsoknown asaregressogram,mimicsacategoricalsmootherby
partitioningthepredictedvalueinto disjoint andexhaustive regions,thenaverag-
ing the responsein eachregion. Formally, we choosecut-pointsR .TSU���
�VS R�W
whereR . �YX&Z and R�W[�\Z , anddefine

]_^ �Y3�` D R ^ba ��CcS R ^ed �e5FDef �hg �
�
�
���ei
theindexesof thedatapointsin eachregion. Then J,)1�,+ �2- is givenby

% ���/.�
 � ave
Ckj6lnm 3 ��Co5 if

�/.:9 ]:^

Noticethatthebin smootherwill havediscontinuities.

Figure2.3: CD4cell countsinceseroconversionfor HIV infectedmen.
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10 CHAPTER2. OVERVIEW OFVARIOUSSMOOTHERS

2.3 Running-mean/moving average

Sincewehavenoreplicatesandwewantto force % ���B
 to besmoothwecanusethe
motivationthatundersomestasticalmodel,for any

�/.
valuesof p ���B
 � E )?$q+ #r�� - for

�
closeto

�/.
aresimilar.

How do we defineclose?A formal definitionis thesymmetric nearest neighbor-
hood sut ����C�
 �v3�wyx�z � `LX fB�
K6
��
�
����� `MX K�� ` � `|{ K4� wT}�~ � `B{ f|���M
e5

Wemaynow definerunningmeanas:

% ����Co
 � ave� j
���������k� 3 � � 5

Wecanalsoforgetaboutthesymmetricpartandsimplydefinethenearest
f

neigh-
bors.

Figure2.4: CD4cell countsinceseroconversionfor HIV infectedmen.
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Thisusuallytoowiggly to beconsidereduseful.Why doyou think?
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Notice we can also fit a line insteadof a constant. This procedureis called
running-line.

Canyouwrite out therecipefor % ����C�
 for therunning-linesmoother?

2.4 Kernel smoothers

Oneof the reasonswhy the previous smoothersis wiggly is becausewhenwe
move from

��C
to

��C d �
two pointsareusuallychangedin thegroupwe average.If

thenew twopointsareverydifferentthen % ����Co
 and % ����C d ��
 maybequitedifferent.
Oneway to try andfix this is by makingthetransitionsmoother. That’s the idea
behindkernelsmoothers.

Generallyspeakinga kernel smootherdefinesa set of weights 3�� C"���B
e5 �C��B�
for

each
�

anddefines

% ���B
 �
�� C��B� � C����B
���CE�

Wewill seethatmostscatterplotsmootherscanbeconsideredtobekernelsmoothers
in thisverygeneraldefinition.

What is calleda kernelsmootherin practicehasa simpleapproachto represent
the weightsequence3�� C"���B
�5 �C��B�

by describingthe shapeof the weight function� C"���B

by a densityfunctionwith a scaleparameterthat adjuststhe sizeandthe

form of theweightsnear
�
. It is commonto referto thisshapefunctionasakerneli

. Thekernelis a continuous,bounded,andsymmetricreal function
i

which
integratesto one,

� i��o�B
��!� � K��



12 CHAPTER2. OVERVIEW OFVARIOUSSMOOTHERS

For agivenscaleparameter� , theweightsequenceis thendefinedby

��� C����B
 �
ir� � Q ������� �C��B� i � � Q ������

Notice:
� �C��B� ��� C�����C�
 � K

Thekernelsmootheris thendefinedfor any
�

asbeforeby

% ���B
 �
�� C��B� ��� C"���B
 $ CE�

Notice: if we consider
�

and
�

to beobservationsof randomvariables# and $
thenonecangetanintuition for why thiswouldwork because

; )?$H+ #�-|� � � p��c� � ���L����
��!��  p6� ���B
��
with p6� ���B


themarginaldistributionof # and p���� � ���L����

thejoint distributionof� # � $ 


, and

% ���B
 �
� Q � � �C��B� i � � Q ���� � ��C� Q � � �C��B� i � � Q ����¡�

Becausewe think points that are closetogetherare similar, a kernel smoother
usually definesweightsthat decreasein a smoothfashionas one moves away
from thetargetpoint.

Runningmeansmoothersarekernelsmoothersthatusea “box” kernel.A natural
candidatefor

i
is thestandardGaussiandensity. (This is veryinconvenientcom-

putationallybecauseits never 0). This smoothis shown in Figure2.5 for �¢� K
year.

In Figure2.6wecanseetheweightsequencefor theboxandGaussiankernelsfor
threevaluesof

�
.
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Figure2.5: CD4cell countsinceseroconversionfor HIV infectedmen.
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Figure2.6: CD4cell countsinceseroconversionfor HIV infectedmen.
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14 CHAPTER2. OVERVIEW OFVARIOUSSMOOTHERS

2.4.1 An Asymptotic result

For the asymptotictheorypresnetedherewe will assumethe stochasticdesign
modelwith aone-dimensionalcovariate.

For the first time in this Chapterwe will setdown a specificstochasticmodel.
Assumewehave

�
IID observationsof therandomvariables

� # � $ 

andthat

$ C �\p � # C�
 {�£ C"� `¤� K4���
�
�����
(2.1)

where# hasmarginaldistribution p6� ���B

andthe £ C IID errorsindependentof the# . A commonextra assumptionis that the errorsarenormally distributed. We

arenow goingto let
�

go to infinity... Whatdoesthatmean?

For each
�

we defineanestimatefor p ���B
 usingthe kernelsmootherwith scale
parameter� � .

Theorem 1 Under the following assumptions

1. ¥�+ i��o�B
 + �F�@S Z
2. ¦k}�wO§ ¨�§ ©,ª �|i��o�B
 �hg
3. E

� $¬« 
 a Z
4.

�q­ Z � � �®­ g ��� � �¯­ Z

Then, at every point of continuity of p ���B
 and p6� ���B

we have

� �C��B� i°� � Q ����¡� ��C� �C��B� i � � Q ����¡�
­ p ���B


in probability.

Proof: Homework. Hint: Startby proving thefixeddesignmodel.
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2.5 Linear smoothers

Mostof thesmootherpresentedherearelinearsmootherswhichmeansthatthefit
atany point

�/.
canbewrittenas

% ���B
 �
��

� �B� J �
���B
�� � �

In practiceweusuallyhave themodel

$ C �hp � # C�
 {[£ C
andwehaveobservations3 ����CE����C�
e5 . Many timesit is thevector±b�²3�p �����³
��
�
�
� � p �����!
e56�
we areafter. In this casethevectorof estimates7±´�µ3 7p ������
��
�
�
� � 7p �����!
e56� canbe
writtenas 7±&�('2�
with ' amatrixwith thei,j-th entry J � ����C�
 . Wewill call 7± thesmooth.

Thismakesit easyto figureout thingslike thevarianceof 7± since

var)P'2�L-|�Y' var) �¤-�' �
which in thecaseof IID datais ¶ « 'c' � .


