
Chapter 4

Splines

Through-outthis section,theregressionfunction
�

will dependon a single,real-
valuedpredictor � rangingover somepossiblyinfinite interval of the real line,�����

. Therefore,the(mean)dependenceof � on � is givenby�	��
���
E
� ��� � ��
����
�� �������

(4.1)

For splinemodels,estimatedefinitionsandtheir propertiesaremoreeasilychar-
acterizedin thecontext of linearspaces.

4.1 Linear Spaces

In thischapterourapproachto estimating
�

involvestheuseof finite dimensional
linearspaces.

Rememberwhat a linear spaceis? Rememberdefinitionsof dimension,linear
subspace,orthogonalprojection,etc...

Why uselinearspaces?
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30 CHAPTER4. SPLINES� Makesestimationandstatisticalcomputationseasy.� Hasnicegeometricalinterpretation.� It actuallycanspecifyabroadrangeof modelsgivenwehavediscretedata.

Using linear spaceswe can definemany families of function
�
; straightlines,

polynomials,splines,functionswith two continuousderivatives,andmany other
spaces(theseareexamplesfor thecasewhere� is ascalar).Thepoint is: wehave
many options.

Notice that in most practicalsituationwe will have observations
���� !� �  "�#�%$&�' � �(�)� �+*

. In somesituationswe are only interestedin estimating
�,���� "�#�%$-�' � �(�)� �+*

. In fact,in many situationsit is all thatmattersfrom a statisticalpointof
view. We will write . whenreferringto thethisvectorand /. whenreferringto an
estimate.Think of how its differentto know

�
andknow . .

Let’s saywe areinterestedin estimating. . A commonpracticein statisticsis to
assumethat . lies in somelinear space, or is well approximatedby a 0 thatlies in
somelinear space.

For examplefor simplelinearregressionwe assumethat . lies in thelinearspace
of lines: 1�243 � �5� 1 � 3 �768� �:9;�
For linearregressionin generalwe assumethat . lies in thelinearspaceof linear
combinationsof thecovariatesor rows of thedesignmatrix. How do we write it
out?

Note: Throughout this chapter
�

is usedto denotethe true regressionfunction
and < is usedto denotean arbitraryfunction in a particularspaceof functions.
It isn’t necessarilytrue that

�
lies in this spaceof function. Similarly we use .

to denotethe true functionevaluatedat thedesignpointsor observedcovariates
and 0 to denotean arbitraryfunctionevaluatedat the designpointsor observed
covariates.



4.1. LINEAR SPACES 31

Now we will seehow andwhy it’ s usefulto uselinearmodelsin a moregeneral
setting.

A linearmodelof order= for theregressionfunction(4.1)consistsof a = -dimensional
linearspace> , having asabasisthefunction?A@ � � ���CBD� ' � �(�)� � =
definedfor � � �

. Eachmember< � > can be written uniquely as a linear
combination < � � ��� < � ��E#F ���HGJI ? IK� � � 2 �)�)� 2 G%L ? L;� � �
for somevalueof thecoefficientvector F �M�!GJI�� �(�)� �%G%LN� 6 � � L

.

Noticethat F specifiesthepoint < � > .

How wouldyouwrite thisout for linearregression?

Givenobservations
�"�� O� �  P���%$,� ' � �(�)� �%*

theleastsquaresestimate(LSE)of . or
equivalently

�	� � � is definedby /�	� � �Q� < � ��ER/F � , where

/F �TSVU+WYX[Z]\F_^#`Va bc  edIgf �  ih < ���� O� F �#j 9k�
Definethevector 0 � f < ��
lI���� �)�)� � < ��
 b �#j 6 . Thenthedistribution of theobserva-
tionsof ��� � ��


arein thefamilyfNm � 0 �%n 9+o b � E%0 �qp < ��
lI���� �(�)� � < ��
 b �Crs6P� < � > j (4.2)

andif we assumethe errors t areIID normalandthat
�H� > we have that /. �p < ��
lI ER/F �#� �)�)� � < �"
 b ER/F �Cr is themaximumlikelihoodestimate.Theestimand. is an*vu '

vector. But how many parametersarewereallyestimating?

Equivalentlywecanthink of thedistribution is in thefamilyfNm �!w F �%n 9 � E#F � � L j (4.3)

and the maximumlikelihoodestimatefor F is /F . Here
w

is a matrix of basis
elementsdefinedsoon...
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Herewestartseeingfor thefirst timewherethenamenon-parametric comesfrom.
How aretheapproaches(4.2)and(4.3)different?

Noticethatobtaining /F is easybecauseof the linearmodelset-up.Theordinary
leastsquareestimateis ��w 6 wx� /F �Tw 6zy
where

w
is is the

*{u = designmatrix with elements
p|w}r~ @ � ?A@ ���� ��

. When
this solutionis uniquewe refer to < ��
 E;/F � astheOLS projectionof

y
into > (as

learnedin thefirst term).

4.1.1 Parametric versus non-parametric

In somecases,wehavereasonto believe thatthefunction
�

is actuallyamember
of somelinear space> . Traditionally, inferencefor regressionmodelsdepends
on

�
beingrepresentableassomecombinationof known predictors.Underthis

assumption,
�

canbewritten asa combinationof basiselementsfor somevalue
of the coefficient vector F . This providesa parametric specificationfor

�
. No

matterhow many observationswe collect, thereis no needto look outsidethe
fixed,finite-dimensional,linearspace> whenestimating

�
.

In practicalsituations,however, we would rarelybelieve suchrelationshipto be
exactly true. Model spaces> areunderstoodto provide (at best)approximations
to
�
; andaswe collectmoreandmoresamples,we have thefreedomto audition

richerandricherclassesof models.In suchcases,all we might bewilling to say
about

�
is thatit is smooth in somesense,acommonassumptionbeingthat

�
have

two boundedderivatives.Far from theassumptionthat
�

belongto afixed,finite-
dimensionallinear space,we insteadposit a nonparametric specificationfor

�
.

In this context, modelspacesareemployedmainly in our approachto inference;
first in the questionswe poseaboutan estimate,andthenin the tools we apply
to addressthem. For example,we arelessinterestedin the actualvaluesof the
coefficient F , e.g. whetheror not anelementof F is significantlydifferentfrom
zeroto the0.05level. Insteadwe concernourselveswith functionalpropertiesof< � ��Eg/F � , theestimatedcurveor surface,e.g.whetheror notapeakis real.
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To ascertainthelocal behavior of OLS projectionsontoapproximationspaces> ,
definethepointwise,meansquarederror(MSE)of /< � � ��� < � ��E /F � as

E f �,� � ��h /< � � �#j 9 � bias
9 f /< � � �#j 2 varf /< � � �#j

where
biasf /< � � �#j����	��
�,h

E f /< � � ��j (4.4)

and
varf /< � � ��j�� E f /< � � �,h E

p /< � � �7r�j 9
When the input values f �� �j are deterministicthe expectationsabove are with
respectto thenoisyobservation �  . In practice,MSE is definedin this way even
in therandomdesigncase,sowe look atexpectationsconditionedon

�
.

Whenwedo this,standardresultsin regressiontheorycanbeappliedto derivean
expressionfor thevarianceterm

varf /< � � ��j��Hn 9 w�� � �C6"�!w}6�wx��� I w�� � �
where

w�� � �:��� ? I(� � �#� �)�)� � ? Lg� � �+� 6 , andtheerrorvarianceis assumedconstant.

Undertheparametricspecificationthat
��� > , whatis thebias?

This leadsto classicalt- andF-hypothesistestsandassociatedparametricconfi-
denceintervalsfor F . Supposeontheotherhand,that

�
is notamemberof > , but

rathercanbe reasonablyapproximatedby an elementin > . The bias(4.4) now
reflectstheability of functionsin > to capturetheessentialfeaturesof

�
.

4.2 Local Polynomials

In practicalsituations,a statisticianis rarelyblessedwith simplelinear relation-
shipbetweenthepredictor� andtheobservedoutput � . Thatis, asadescription
of theregressionfunction

�
, themodel< �"
 E�F �:�HGJI 2 G 9 
_�+
�� �
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typically ignoresobvious featuresin the data. This is certainlythe casefor the
valuesof �7���	� .
The Strontiumdatasetwascollectedto testseveralhypothesesaboutthe catas-
trophiceventsthat occurredapproximately65 million yearsago. The datacon-
tainsAge in million of yearsandthe ratiosdescribedhere. Thereis a division
betweentwo geologicaltime periods,the Cretaceous(from 66.4 to 144 million
yearsago)andtheTertiary(spanningfrom about1.6 to 66.4million yearsago).
Earthscientistbelieve that the boundarybetweentheseperiodsis distinguished
by tremendouschangesin climatethataccompaniedamassextensionof overhalf
of the speciesinhabiting the planetat the time. Recently, the compositionsof
Strontium(Sr) isotopesin seawaterhasbeenusedto evaluateseveralhypotheses
aboutthecauseof theseextremeevents.Thedependentvariableof thedata-setis
relatedto theisotopicmakeupof Srmeasuredfor theshellsof marineorganisms.
TheCretaceous-Tertiaryboundaryis referredto asKTB. Theredatashowsapeak
is at this timeandthis is usedasevidencethatameteorcollidedwith earth.

Thedatapresentedin theFigure?? representsstandardizedratio of strontium-87
isotopes( �7� Sr)tostrontium-86isotopes( �C� Sr)containedin theshellsof foraminifera
fossilstakenform corescollectedby deepseadrilling. For eachsampleits time
in historyis computedandthestandardizedratio is computed:�7��� Sr

��� �7� Sr�N�C� Srsample�7� Sr� �C� Srseawater
h 'k� u ')�V� �

Earth scientistexpect that �7� � Sr is a smooth-varying function of time and that
deviationsfrom smoothnessaremostlymeasurementerror.

Toovercomethisdeficiency, wemightconsideramoreflexiblepolynomialmodel.
Let ��� denotethelinearspaceof polynomialsin



of orderatmost � definedas< ��
 E#F �:��GJI 2 G 9 
 2 �(�)� 2 G � 
 � � I �+
�� �

for theparametervector F ���!GJI�� �)�)� ��G � ��� � � . Notethat thespace��� consists
of polynomialshaving degreeatmost � h '

.

In exceptionalcases,we have reasonsto believe that theregressionfunction
�

is
in fact a high-orderpolynomial. This parametricassumptioncould be basedon
physicalor physiologicalmodelsdescribinghow thedataweregenerated.
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Figure4.1: �7� � Srdata.

For historicalvaluesof �7� � �	� weconsiderpolynomialssimplybecauseourscien-
tific intuition tellsusthat

�
shouldbesmooth.

RecallTaylor’s theorem:polynomialsaregoodat approximatingwell-behaved
functionsin reasonablytight neighborhoods.If all we cansayabout

�
is thatit is

smoothin somesense,theneitherimplicitly or explicitly we considerhigh-order
polynomialsbecauseof their favorableapproximationproperties.

If
�

is not in ��� thenour estimateswill bebiasedby anamountthat reflectsthe
approximationerrorincurredby apolynomialmodel.

ComputationalIssue:Thebasisof monomials?A@ �"
�:��
 @ � I
for

BY� ' � �)�)� � �
is not well suitedfor numericalcalculations(


 � canbeVERY BIG comparedto

). While convenientfor analyticalmanipulations(differentiation,integration),

this basisis ill-conditioned for � largerthan � or � . Most statisticalpackagesuse
theorthogonalChebyshev polynomials(usedby theR commandpoly()).
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An alternative to polynomialsis to considerthespace���}� ���N� of piecewisepoly-
nomialswith breakpoints

�D���"�7 k� �)�(� �+�C¡,¢I+� 6
. Givena sequence£ �¤�7 D¥T�%I�¥�)�)� ¥¦�C¡�¥¦�C¡,¢IQ�H§

, construcẗ
2 '

(disjoint) intervals�K© �Mp � © � I���� © ��� '«ª�¬,ª ¨ and
� ¡	¢I��Mp �C¡�+�C¡,¢ICr!�

whoseunionis
� ��p £ ��§%r . Definethepiecewisepolynomialsof order �

< ��
��� ®¯° ¯±
< IK�"
�:�TGJIC²³I 2 GJIC² 9 
 2 �(�)� 2 GJIC² � 
 � � I � 
�� � I

...
...< ¡	¢IK��
�:�TG(¡	¢IC²³I 2 G(¡,¢IC² 9 
 2 �)�)� 2 G(¡,¢IC² � 
 � � I ��
�� � � ¢I �

In homework 2, we saw or will seethatpiecewisepolynomialsarea linearspace
thatpresentanalternativeto polynomials.However, it is hardto justify thebreaks
in thefunction < �"
 E /F � .
4.3 Splines

In many situations,breakpointsin the regressionfunction do not make sense.
Would forcing the piecewisepolynomialsto becontinuoussuffice? Whatabout
continuousfirst derivatives?

We startby considerthe subspacesof the piecewise polynomialspace.We will
denoteit with ���}� �"�5� with

���´���%I�� �)�)� �+�C¡A� 6
the break-pointsor interior knots.

Differentbreakpointsdefinedifferentspaces.

We canput constrainson thebehavior of thefunctions< at thebreakpoints.(We
canconstructteststo seeif theseconstrainsaresuggestedby thedatabut, will not
go into thishere)

Hereis a trick for forcing theconstrainsandkeepingthelinearmodelset-up.We
canwrite any function < � �«�D� �"�N� in the truncated basis power:< �"
��� G) +²³I 2 G) +² 9 
 2 �(�)� 2 G) +² � 
 � � I 2
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�hµ�%I��  ¢ 2 GJIC² 9 �"
¶h-�%I+� I¢ 2 �(�)� 2 GJIC² � �"
�hµ�%I�� � � I¢ 2
...G(¡:²³I(�"
�hµ�C¡A�  ¢ 2 G(¡Q² 9 �"
�hµ�C¡·� I¢ 2 �)�)� 2 G(¡Q² � �"
¶h-�C¡�� � � I¢

where
�¹¸º�¹¢-�¤X¶SN»l�7¸]� � �

. Written in this way thecoefficients
GJIC²³I�� �)�(� ��GJIC² � record

thejumpsin thedifferentderivativefrom thefirst pieceto thesecond.

Noticethattheconstrainsreducethenumberof parameters.This is in agreement
with thefactthatweareforcingmoresmoothness.

Now wecanforceconstrains,suchascontinuity, by puttingconstrainslike
GJIC²³I:��

etc...

We will concentrateon thecubicsplineswhich arecontinuousandhave continu-
ousfirst andsecondderivatives.In thiscasewecanwrite:< �"
�´� G) +²³I 2 G) +² 9 
 2 �)�)� 2 G) +² ¼%
i½ 2 GJIC² � �"
�hµ�%I¹�¹½ 2 �)�)� 2 G(¡:² � �"
�hµ�C¡A�¹½
How many “parameters”in thisspace?

Note: It is alwayspossibleto have lessrestrictionsat knotswherewe believe the
behavior is “less smooth”, e.g for the Sr ratios,we may have “unsmoothness”
aroundKTB.

We canwrite this asa linear space.This settingis not computationallyconve-
nient. In S-Plusthereis a functionbs() thatmakesabasisthatis convenientfor
computations.

Thereis asymptotictheorythatgoesalongwith all thisbut wewill notgo into the
details.Wewill justnoticethat

E
pz�	��
�,h < �"
�Cr�H¾��!¿ 9 �© 2 ' � * © �

where
¿ ©

is thesizeof theinterval where



is in and
* ©

is thenumberof pointsin
it. Whatdoesthissay?
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4.3.1 Splines in terms of Spaces and sub-spaces

The= -dimensionalspacesdescribedin Section4.1 were definedthroughbasis
function

?A@ � � �#�CBY� ' � �)�)� � = . Soin generalwedefinedfor agivenrange
����� �

> � f <¶ÀÁ< � � ��� Lc @ dI G @ 3 @ � � ��� � � � �k�!GJI�� �)�(� ��G%LN�A� � L j
In theprevioussectionweconcentratedon � � � .

In practicewe have designpoints

lI�� �)�(� �+
 b and a vector of responsesÂ ���ÃgI#� �)�(� �%Ã b � . We canthink of Â asanelementin the

*
-dimensionalvectorspace� b

. In factwecangoastepfurtheranddefineaHilbert spacewith theusualinner
productdefinitionthatgivesusthenorm

�]� Â��s� � bc  edI Ã 9 
Now wecanthink of leastsquaresestimationastheprojectionof thedataÂ to the
sub-spaceÄ ��� b

definedby > in thefollowing wayÄ � f 0 � � b ÀÅ0 �Mp < ��
lI���� �)�)� � < ��
 b �7r~6P� < � > j
Becausethis spaceis spannedby thevectors

p ? IK�"
lI+�#� �)�)� � ? Lg��
 b �Cr theprojection
of Â onto Ä is w���w 6 wx� � w 6 Â
aslearnedin 751.Here

p|w}r~ @ � ?A@ ��
Æ ��
.

4.4 Natural Smoothing Splines

Naturalsplinesaddtheconstrainthat the functionmustbe linearafter theknots
at the endpoints. This forces2 morerestrictionssince

� 6 6
mustbe 0 at the end

points,i.e thespacehas� 24Ç hÉÈ parametersbecauseof thisextra2 constrains.
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Sowheredoweputtheknots?How many doweuse?Therearesomedata-driven
proceduresfor doingthis. NaturalSmoothingSplinesprovideanotherapproach.

What happensif the knots coincidewith the dependentvariables f �  Êj . Then
thereis a function < � > , the spaceof cubicsplineswith knotsat

�"
lI�� �)�(� �+
 b � ,
with < ��
Æ "�:��ÃN O�%$�� �)�)� �%*

, i.e. wehaven’t smoothedatall.

Considerthefollowing problem:amongall functions< with two continuousfirst
two derivatives,find onethatminimizesthepenalizedresidualsumof squaresbc  ºdI f ÃJ ih < �"
Æ P�#j 9 2ÌË�Í4ÎÏ f < 6 6"�����#j 9ÑÐ �
where

Ë
is afixedconstant,and £ ª 
lI ª �)�)� ª 
 b ª §

. It canbeshown (Reinsch
1967)that thesolutionto this problemis a naturalcubicsplinewith knotsat the
valuesof


Æ 
(sothereare

*&hÌÈ
interior knotsand

*�h '
intervals). Here £ and

§
arearbitraryaslong asthey containthedata.

It seemsthat this procedureis over-parameterizedsincea naturalcubicsplineas
this onewill have

*
degreesof freedom. However we will seethat the penalty

makesthisgodown.

4.4.1 Computational Aspects

We usethe fact that the solutionis a naturalcubic splineandwrite the possible
answersas < �"
�:� bc @ dI G @�?A@ �"
�
where

G @
arethecoefficientsand

?A@ ��
�
arethebasisfunctions.Noticethatif these

werecubicsplinesthefunctionslie in a
* 2 È

dimensionalspace,but thenatural
splinesarean

*
dimensionalsubspace.

Let
w

bethe
*Òu�*

matrixdefinedby?  @ � ?·@ ��
Æ "�
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andapenaltymatrix Ó by Ô  @ � Í ÎÏ ? 6 6 ����� ? 6 6@ �"��� Ð �
now wecanwrite thepenalizedcriterionas� Â hÉw F �76�� Â hÉw F � 2ÌË FÕÓYF
It seemsthereareno boundaryderivativesconstraintsbut they areimplicitly im-
posedby thepenaltyterm.

Settingderivativeswith respectto F equalto 0 givestheestimatingequation:�!w}6�w 2¦Ë Ó � F �Hw}6 Â �
The /F thatsolvesthisequationwill giveustheestimate/0 �Tw /F .

Is thisa linearsmoother?

Write: /0 �Hw F �Hw��!w 6 w 2¦Ë Ó � � I w 6 Â �q� o 2¦ËÑÖ � � I Â
where

Ö �Hw¤h ' 6 Ó w � I . Noticewecanwrite thecriterionas� Â h 0 �C6"� Â h 0 � 2ÌË 0 6 Ö 0
If we look at the“kernel” of this linearsmootherwe will seethat it is similar to
theothersmootherspresentedin thisclass.
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Figure4.2: Smoothingsplinefittedusingdifferentpenalties.
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