Chapter 4

Splines

Through-outhis section the regressiorfunction f will dependon asingle,real-

valuedpredictor X rangingover somepossiblyinfinite interval of the realline,

I C R. Thereforethe (mean)dependencef Y on X is givenby
flz)=EY|X=z),z€e ICR 4.1)

For splinemodels,estimatedefinitionsandtheir propertiesaremoreeasilychar
acterizedn the context of linearspaces.

4.1 Linear Spaces

In this chapterour approacho estimatingf involvestheuseof finite dimensional
linearspaces.

Remembemvhat a linear spaceis? Remembedefinitionsof dimension,linear
subspacegrthogonalprojection,etc...

Why uselinearspaces?

29



30 CHAPTER4. SPLINES

o Makesestimationandstatisticalcomputationgasy
e Hasnicegeometricalnterpretation.

¢ It actuallycanspecifyabroadrangeof modelsgivenwe have discretedata.

Using linear spacesve candefinemary families of function f; straightlines,
polynomials,splines functionswith two continuousderiatives,andmary other
spacegtheseareexampledor thecasewherex is ascalar). Thepointis: we have
mary options.

Notice that in most practical situationwe will have obserations(X;,Y;),i =
1,...,n. In somesituationswe are only interestedin estimatingf(X;),: =
1,...,n. Infact,in mary situationdt is all thatmattersrom a statisticalpoint of
view. We will write f whenreferringto thethis vectorandf whenreferringto an
estimate.Think of how its differentto know f andknow f.

Let’'s saywe areinterestedn estimatingf. A commonpracticein statisticsis to
assumehatf liesin somelinear space, or is well approximatedby a g thatliesin
somelinear space.

For examplefor simplelinearregressiorwe assumehatf liesin thelinearspace
of lines:

a+px, (o, 8) € R®.

For linearregressionn generalwe assumehatf liesin thelinearspaceof linear
combinationf the covariatesor rows of the designmatrix. How do we write it
out?

Note: Throughout this chapterf is usedto denotethe true regressionfunction
and g is usedto denotean arbitraryfunctionin a particularspaceof functions.
It isn’t necessarilytrue that f lies in this spaceof function. Similarly we usef

to denotethe true function evaluatedat the designpointsor obsered covariates
andg to denotean arbitraryfunction evaluatedat the designpointsor obsered
covariates.
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Now we will seehow andwhy it’s usefulto uselinearmodelsin a moregeneral
setting.

A linearmodelof orderp for theregressiorfunction(4.1)consistof ap-dimensional
linearspacey, having asabasisthefunction

Bj(x),j=1,...,p

definedfor x € I. Eachmemberg € G canbe written uniquely asa linear
combination
g(x) = g(x;0) = 01 B1(x) + ...+ 0,B,(x)

for somevalueof thecoeficientvectorf = (64, ...,0,) € RP.
Noticethat@ specifieghepointg € G.
How would you write this out for linearregression?
Givenobsenations(X;, Y;), = 1,...,ntheleastsquarestimatgLSE) of f or
equialently f(x) is definedby f(x) = g(x; 0), where
6 = arg min Z{YZ —9(X;,0)}°.
Ocrr

Definethevectorg = {g(z1),...,9(z,)}. Thenthedistribution of the obsera-
tionsof Y| X = z arein thefamily

{N(ga0-21n); g = [9(371), ‘.- ag(xn)]la g€ g} (42)

andif we assumehe errorse arellD normalandthat f € G we have thatf =

A

[g(21;0), ..., g(z,; 8)] is themaximumlik elihoodestimate Theestimand is an
n x 1 vector But how mary parameterarewe really estimating?

Equivalentlywe canthink of thedistributionis in the family
{N(BO,5%);0 c R*} (4.3)

and the maximumlik elihood estimatefor 6 is 8. Here B is a matrix of basis
elementglefinedsoon...
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Herewe startseeingor thefirsttime wherethenamenon-parametric comesrom.
How aretheapproache§t.2) and(4.3)different?

Notice thatobtaining@ is easybecaus®f the linear modelset-up. The ordinary
leastsquareestimatds

(B'B)§ =B'Y

whereB is is the n x p designmatrix with elementsB];; = B;(X;). When
this solutionis uniquewe referto g(z; @) asthe OLS projectionof Y into G (as
learnedn thefirst term).

4.1.1 Parametric versusnon-parametric

In somecasesyve have reasorto believe thatthefunction f is actuallyamember
of somelinear spaceg. Traditionally inferencefor regressionmodelsdepends
on f beingrepresentablas somecombinationof known predictors. Underthis

assumptionf canbe written asa combinationof basiselementgor somevalue
of the coeficient vector@. This providesa parametric specificationfor f. No

matterhow mary obsenationswe collect, thereis no needto look outsidethe

fixed, finite-dimensionallinear spacej whenestimatingf.

In practicalsituations,however, we would rarely believe suchrelationshipto be
exactly true. Model spaces; areunderstoodo provide (at best)approximations
to f; andaswe collectmoreandmoresamplesye have thefreedomto audition
richerandricherclasse®f models.In suchcasesall we mightbewilling to say
aboutf isthatit is smooth in somesenseacommonassumptioeingthat f have
two boundedderivatives.Far from theassumptiorthat f belongto afixed,finite-
dimensionalinear space we insteadposit a nonparametric specificationfor f.
In this contet, modelspacesareemplo/ed mainly in our approacho inference;
first in the questionsve poseaboutan estimate andthenin the tools we apply
to addresghem. For example,we arelessinterestedn the actualvaluesof the
coeficient 8, e.g. whetheror not an elementof @ is significantlydifferentfrom
zeroto the 0.05level. Insteadwe concernourseheswith functionalpropertiesof
g(x; ), theestimatecturve or surface e.g.whetheror nota peakis real.
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To ascertairthelocal behaior of OLS projectionsontoapproximatiorspaces;,
definethe pointwise meansquarecerror(MSE) of g(x) = g(x; 8) as

E{f(x) — §(x)}* = bias {g(x)} + var{3(x)}
where
bias{g(x)} = f(z) — E{g(x)} (4.4)
and
var{g(x)} = E{g(x) — E[g(x)]}"
Whenthe input values{X,} aredeterministicthe expectationsabove are with

respecto the noisy obsenrationY;. In practice MSE is definedin this way even
in therandomdesigncase sowe look at expectationsonditionedon X.

Whenwe do this, standardesultsin regressiortheorycanbeappliedto derive an
expressiorfor thevarianceterm

var{§(x)} = o”B(x)'(B'B) ' B(x)

whereB(x) = (B;(x),..., By(x))’, andtheerrorvariances assumedonstant.
Underthe parametricspecificatiorthat f € G, whatis thebias?

This leadsto classicalt- andF-hypothesigestsandassociategharametriaconfi-
dencentenalsfor 8. Supposentheotherhand that f is notamemberof G, but
rathercanbe reasonablyapproximatedy anelementin G. The bias(4.4) now
reflectstheability of functionsin G to capturethe essentiafeaturesof f.

4.2 Local Polynomials

In practicalsituationsa statisticianis rarely blessedwith simplelinearrelation-
shipbetweerthe predictorX andtheobseredoutputY’. Thatis, asadescription
of theregressiorfunction f, themodel

9(x;0) =0, + Oz, x €1
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typically ignoresobvious featuresin the data. This is certainlythe casefor the
valuesof 87 Sr.

The Strontiumdatasetwas collectedto testseveral hypothesesboutthe catas-
trophic eventsthat occurredapproximately65 million yearsago. The datacon-
tainsAge in million of yearsandthe ratiosdescribedhere. Thereis a division
betweentwo geologicaltime periods,the Cretaceougfrom 66.4to 144 million
yearsago)andthe Tertiary (spanningfrom about1.6to 66.4 million yearsago).
Earthscientistbelieve that the boundarybetweentheseperiodsis distinguished
by tremendougshangesn climatethataccompanied massextensionof over half
of the speciesnhabitingthe planetat the time. Recently the compositionsof
Strontium(Sr) isotopesn seawaterhasbeenusedto evaluateseveralhypotheses
aboutthe causeof theseextremeevents.The dependentariableof the data-sets
relatedto theisotopicmake up of Srmeasuredor the shellsof marineorganisms.
TheCretaceous-drtiaryboundaryis referredto asKTB. Theredatashonvsapeak
Is atthistime andthisis usedasevidencethata meteorcollidedwith earth.

Thedatapresentedn the Figure?? representstandardizedatio of strontium-87
isotopeg®” Sr)to strontium-8@sotope?® Sr) containedn theshellsof foraminifera
fossilstakenform corescollectedby deepseadrilling. For eachsampleits time
in historyis computedandthe standardizedatio is computed:

87Sr/8Srsample
75Sr = — 1) x 10°.
87Sr/86 Sr seawater %

Earth scientistexpectthat 87§Sr is a smooth-arying function of time and that
deviationsfrom smoothnesaremostlymeasuremergrror.

To overcomehisdeficieng, we mightconsidermmoreflexible polynomialmodel.
Let P, denotethelinearspaceof polynomialsin x of orderatmostk definedas

g(2;0) =0, + 0y +...+ 0" Lzl

for the parametewectord = (6,,...,60;) € R*. Notethatthe spaceP;, consists
of polynomialshaving degreeat mostk — 1.

In exceptionalcasesye have reasongo believe thattheregressiorfunction f is
in facta high-orderpolynomial. This parametricassumptiorcould be basedon
physicalor physiologicaimodelsdescribinghow the dataweregenerated.
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Figure4.1:%7§Srdata.

For historicalvaluesof 875 Sr we considempolynomialssimply becaus®ur scien-
tific intuition tellsusthat f shouldbe smooth.

Recall Taylor's theorem: polynomialsare good at approximatingwell-behaed
functionsin reasonablyight neighborhoodslf all we cansayaboutf is thatit is
smoothin somesensetheneitherimplicitly or explicitly we considerigh-order
polynomialsbecaus®f their favorableapproximatiorproperties.

If fisnotin P, thenourestimatewill be biasedby anamountthatreflectsthe
approximatiorerrorincurredby a polynomialmodel.

Computationalssue:Thebasisof monomials
Bj(z)=a"""forj=1,....k

is not well suitedfor numericalcalculationgz® canbe VERY BIG comparedo
z). While corvenientfor analyticalmanipulationgdifferentiation,integration),
this basisis ill-conditioned for k largerthang or 9. Most statisticalpackagesise
the orthogonalChebyshe polynomials(usedby theR commandpol y() ).
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An alternatve to polynomialsis to considerthe spaceP P, (t) of piecavise poly-
nomialswith breakpointst = (to,...,tn+1). Givenasequence = t, < t; <
co. <ty < tmi1 = b, constructn + 1 (disjoint) intervals

Il = [tlflatl)a 1 S l S m and[m—H = [tm,tm+1]a
whoseunionis I = [a, b]. Definethe piecavise polynomialsof orderk
g(x) =01+ b x+...+ 91,k$k71; z €l

g(z) = : :
Im+1(%) = Opg11 + 0102 + ...+ 0m+1,k$k_1, x € L.

In homavork 2, we saw or will seethatpieceavise polynomialsarealinearspace
thatpresentinalternatve to polynomials.However, it is hardto justify thebreaks
in thefunctiong(x; 0).

4.3 Splines

In mary situations,breakpointsin the regressionfunction do not make sense.
Would forcing the pieceavise polynomialsto be continuoussufiice? What about
continuoudirst dervatives?

We startby considerthe subspacesf the piecavise polynomialspace.We will
denoteit with PPy (t) with t = (¢4,...,%,)" the break-pointor interior knots.
Differentbreakpointsdefinedifferentspaces.

We canput constrainn the behaior of thefunctionsg atthe breakpoints. (We
canconstructeststo seeif theseconstrain@aresuggestetyy thedatabut, will not
gointo this here)

Hereis atrick for forcing the constrainandkeepingthe linearmodelset-up.We
canwrite ary functiong € PP,(t) in the truncated basis power:

g(x) = bpg+bopr+...+ Ho,ka:’“_l +
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91’1(1‘ — tl)g_ + 91,2(36 — tl)}i— 4+ ...+ Ql,k(x — tl)ﬁ__l -+

O (z — tm)(jr + Om2(z — Ifm)fr +.o O — tm)ﬁ_1

where(-); = max(-,0). Writtenin this way the coeficients#, ,, ..., 6, ; record
thejumpsin thedifferentderivative from thefirst pieceto thesecond.

Noticethatthe constraingeducethe numberof parametersThisis in agreement
with thefactthatwe areforcing moresmoothness.

Now we canforce constrainssuchascontinuity, by puttingconstraingdike 6 ; =
0 etc...

We will concentraten the cubicsplineswhich arecontinuousandhave continu-
ousfirstandsecondlerivatives.In this casewe canwrite:

g(x) = 90,1 + 90,233 4+ ...+ 90,4333 + 01,]9(3? — tl)?’ 4+ ...+ em,k(ﬂ? — tm)3
How mary “parametersin this space?

Note: It is alwayspossibleto have lessrestrictionsat knotswherewe believe the
behaior is “less smooth”, e.g for the Sr ratios, we may have “unsmoothness”
aroundKTB.

We canwrite this asa linear space. This settingis not computationallycorve-
nient.In S-Plusthereis afunctionbs() thatmakesabasisthatis convenientfor
computations.

Thereis asymptotidheorythatgoesalongwith all this but we will notgointo the
details.We will justnoticethat

Elf(z) — g(2)] = O(W" + 1/m)

whereh, is the sizeof theinterval wherezx is in andn; is the numberof pointsin
it. Whatdoesthis say?
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4.3.1 Splinesin terms of Spacesand sub-spaces

Thep-dimensionalspacesdescribedin Section4.1 were definedthrough basis
function B;(x),j = 1,..., p. Soin generalwe definedfor agivenrangel c R*

G={g:9(x) = Zejﬁj(x),x el (by,...,0, c R’}

In the previoussectionwe concentratednx € R.

In practicewe have designpoints z,...,z, anda vector of responsey =
(y1,--.,yn). Wecanthink of y asanelementn the n-dimensionalectorspace
R™. In factwe cango astepfurtheranddefinea Hilbert spacewith theusualinner
productdefinitionthatgivesusthenorm

n
Iyl = v
=1

Now we canthink of leastsquare®stimatiorasthe projectionof thedatay to the
sub-spacé& C R definedby G in thefollowing way

G={geR' :g=[g(1),..-,9(x.)]', 9 € G}

Becausehis spaces spannedy thevectors|B; (1), .. ., By(x,)] the projection
of y ontoG is

B(B'B) B'y
aslearnedn 751.Here[B|;; = B;(x;).

4.4 Natural Smoothing Splines

Naturalsplinesaddthe constrainthat the function mustbe linear after the knots
at the endpoints. This forces2 morerestrictionssince f mustbe 0 at the end
points,i.e thespacehask + 4 — 2 parameterpecausef this extra 2 constrains.
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Sowheredowe puttheknots?How mary dowe use?Therearesomedata-drven
proceduresor doingthis. NaturalSmoothingSplinesprovide anotherapproach.

What happensf the knots coincidewith the dependentariables{ X;}. Then
thereis afunctiong € G, the spaceof cubic splineswith knotsat (z1, ..., z,),
with g(x;) = y;,1, - .., n, i.e. we haven't smoothedat all.

Considerthefollowing problem:amongall functionsg with two continuoudirst
two dervatives,find onethatminimizesthe penalizedesidualsumof squares

Z{yi — g(z:)}* + /\/ {g" ()} dt

where) isafixedconstantande < z; < ... <z, < b. It canbeshownn (Reinsch
1967)thatthe solutionto this problemis a naturalcubic splinewith knotsat the
valuesof z; (sotherearen — 2 interior knotsandn — 1 intenvals). Herea andb

arearbitraryaslong asthey containthedata.

It seemghatthis procedurés over-parameterizedincea naturalcubic splineas
this onewill have n degreesof freedom. However we will seethat the penalty
makesthis go down.

4.4.1 Computational Aspects

We usethe fact thatthe solutionis a naturalcubic splineandwrite the possible
answersas

9(e) = 3 0,B;(a)

wheref); arethecoeficientsandB;(x) arethebasisfunctions.Noticethatif these
werecubicsplinesthefunctionslie in an + 2 dimensionakpaceput the natural
splinesareann dimensionakubspace.

Let B bethen x n matrix definedby
Bij = Bj(xi)
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andapenaltymatrix Q by

b
0 = [ BB d

a

now we canwrite thepenalizectriterionas
(y — BO)'(y — BO) + \0020

It seemdhereareno boundaryderivativesconstraintdut they areimplicitly im-
posedoy the penaltyterm.

Settingderivativeswith respecto 0 equalto 0 givesthe estimatingequation:
(B'B+ Q)0 = B'y.

The @ thatsolvesthis equationwill give ustheestimates = B#.
Is thisalinearsmoother?

Write:
g=BO=B(BB+\Q) 'By=(1+)K) 'y

whereK = B — 1’'QB~!. Noticewe canwrite thecriterionas

(y—g)(y —g)+ ) g'Kg

If we look atthe“kernel” of this linear smoothemve will seethatit is similar to
theothersmootherpresentedh thisclass.
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Figure4.2: Smoothingsplinefitted usingdifferentpenalties.
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