Chapter 5

Resamplingmethods: Bias,
Variance, and their trade-off

We have definedvarioussmootherandnonparametriestimationtechniquesin
classicalstatisticaltheorywe usuallyassumehat the underlyingmodelgenerat-
ing the datais in the family of modelswe are considering.For nonparametrics
this assumptionss relaxed and asymptoticand finite samplebias andvariance
estimatesarenot alwayseasyto find in closedform. In this Chaptermwe discuss
someresamplingnethodghatarecommonlyusedto getapproximation®f bias,
variance confidencentervals, etc...

In particularwe will look at the problemof choosingsmoothingparameters.
Remembehow most of the smoothersve have definedhave someparameter
that controlsthe smoothnessf the final smoothor curve estimate. For kernel
smoothersve definedthe scaleparameterfor local regressionwe definedthe
spanor bandwidth,andfor smoothingsplineswe hadthe penaltyterm. We will
call all of thesethe smoothing parameter anddenoteit with \. It shouldbeclear
from the context which of the specificsmoothingparametersve arereferringto.
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True f(x)=5 sin(1/x) and observations

0.1 0.2 03 0.4 0.5

Figure5.1: Outcomesof modelwith f(z) = 5sin(1/z) andIID normalerrors
with o? =1

5.1 The bias-variance trade-off

In smoothingn generathereis afundamentatrade-of betweerthebiasandvari-
anceof theestimateandthis trade-of is governedby the smoothingparameter

Throughoutthis sectionwe will beusinganartifical exampledefinedby
y; =bsin(l/z) +¢,i=1,...,n (5.1)

with thee; 1ID N(0, 1) or 3.

Thetrade-of is mosteasilyseenin the caseof the runningmeansmoother The
fitted running-mearsmoothcanbewritten as

. 1
@) =g 2w

iENE (20)

Undermodel(2.1). Thevariances easyto compute Whatis it?
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Thebiasis

Elfulmo)] = F(@0) = s 3 @) = f(ao)}

1ENP (x0)

Notice thatask, in this casethe smoothingparametergrows the variancesde-
creasesHowever, thebiggerthe k£ themore f(z;)’s getinto thebias.

We have noideaof WhatZiENks(wo) f(z;) is becausave don't know f! Let'ssee
thisin amoreprecisgnot muchmore)way.

Saywe think that f is smoothenoughfor usto assumehatits secondderiative
f"(zo) is boundedTaylor’s theoremsayswe canwrite

F() = £ @) + [0} (@i = 20) + 3 " (z0) (@i = 20)” + ([ = 7o)
Because /" (zo) (z; — x0)? is O(|z; — zo|?) we stopbeingpreciseandwrite

£l % o) + zo) (@i — 20) + 5" (@) (w1 — o)

Implicit hereis the assumptiorthat |z; — zo| is small. This is the way these
asymptoticsvork. We assumehatthe kernelsizegoesto 0 asn getsbig.

Why did we only go up to thesecondderivative?

To makesthingssimple,let’'s assumehatthe covariatesr areequally spaced and
letA =z — z; we canwrite

71k(k + 1)f”(l‘())A2

2k+1)"" D fla) ~ flao) + (2k+1)

i€NZ (z0)

So now we seethat the biasincreasewith £? andthe secondderivative of the
“true” function f. Thisagreeswith ourintuition.

Now thatwe have

E{fk(xo) - f(330)}2
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Figure5.2: Smoothsusing running-mearsmoothemwith bandwidthsof .01 and
0.1. To theright arethe smooth=25 replicates

we canactuallyfind anoptimal &

Kopt = {#ﬁa&t)}?}

Usually this is not usefulin practicebecauseve have no ideaof what f”(x) is
like. Sohow dowe chosesmoothingparameters?

In Figure5.2 we showv the smoothsobtainedwith arunningmeansmoothemwith
bandwidthsof 0.01and0.1 on 25 replicatesdefinedby (5.1). The bias-\ariance
trade-of canbeclearlyseen.

5.1.1 Bias-variancetrade-off for linear smoothers

DefineS, asthehatmatrix for a particularsmoothemwhenthe smoothingparam-
eter) is used.The“smooth”will bewrittenasf, = S,y.
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Define
V) = f— E(S,\y)

asthebias vector

2 for ary vectorx. We canderive the following

1

Defineave(x?) = n™!'>°" |«
formulas:
MSE(\) = n™") var{fi(z;)} + ave(v3)
=1

= n "Mr(S,S))o? +n 'vivy
PSHE)) = {1+ n7'tr(S\S})}o? +n~'vivy.

Noticefor least-squareegressiorS,, is idempotensothattr(S,S)) = tr(S,) =
rank(S,) which is usuallythe numberof parametersn the model. This is why
we will sometimeseferto tr(S,S/,) asthe equivalent number of parameters or
degreesof freedomof our smoother

5.2 CrossValidation: Choosingsmoothnesgparam-
eters

In the section,andthe restof the class,we will denotewith j} the estimateob-
tainedusingsmoothingparameten. Notice thatusuallywhatwe really have is
the smoothf,.

We will usethe modeldefinedby (5.1). Figure5.3 shavs one outcomeof this
modelwith normalandt-distributederrors.

We aretrying to find the A thatminimizes

MSE()) = n! Z E[fi(zi) — f(z:)]?
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Figure5.3: Outcomesf model(5.1)

Problemis we don't now f.

Whatif we couldgetanew setof datay;, .. ., y;: from thesamemodelproducing
they,, ..., y,? Thiswould be quite helpful becausehe predictive squared error

PSEA) = Ely; —/a(2:)]® = E[{yf —f (@)} = {/a(2:) = f(2:)}] = MSE(A) +0°.

saysthatn 'Y " [yf — fx(z;)]? is an averagehaving expectedvaluethe MSE
plus a constant. We could view this quantity as an estimateof MSE(\) + 2.
Sinceo? doesnt dependn \ we couldfind the X thatminimizesit andthink that
we arecloseto the A thatminimizesthe MSE.

Noticethatthe above calculationcanbe donebecausehe y;'s areindependenof
theestimates/, (z;)s, thesamecant besaidaboutthey;s.

In practiceit is not commonto have a new setof datay},i = 1,...,n. Cross-
validation tries to imitate this by leaving out points (z;,y;) one at a time and
estimatingthe smoothat z; basedon the remainingn — 1 points. The cross-
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validationsumof squaress
CV) =n"" ) {ui— fi (@)}
=1
wheref;i(x,-) indicateshefit atz; computedoy leaving outthes — ¢h point.

We cannow useCV to choose)\ by consideringa wide spanof valuesof A,
computingCV()\) for eachone, and choosingthe A that minimizesit. Plots of
CV()) vs. A maybeuseful.
Why do we think thisis good?First noticethat
E{y: — [i@)Y = Efy— fl@i) + fla) — f5i(@))
= o+ E{f{ () - flzi)}*
Usingtheassumptiorthat /7 (z;) =~ f(z;) we seethat
E{CV()\)} ~ PSH))

However, whatwe really wantis

m)‘in E{CV(\)} ~ m/\in PSE\)

but thelaw of large numberssaysthe above will do.
Why notsimply usethe averagedsquaredesiduals
ASR(\) =1 {yi — falz:)}??
=1

It turnsout this underestimategshe PSE.Notice in particularthat the estimate

A~

f(z;) = y; alwayshasASR equalto 0! We will seehow we canadjustthe ASR
to form “good” estimate®f the MSE.

5.2.1 CV for linear smoothers

Now we will seesomeof the practicaladwvantage®f linearsmoothers.
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For linearsmoothersn generalt is not obviouswhatis meantby f;i(xi). Let’s
give adefinition...

Notice that any reasonablesmootherwill smoothconstantsnto constantsj.e.
S1 = 1. If wethink of therows S;. of S asweightsof a kernels this conditionis
requiringthatall then weightsin eachof then kernelsaddupto 1. We candefine
fA (x;) asthe“weightedaverage”

n
Siy = Sijy
j=1

but giving zeroweightto thesth entry; i.e.

)\_i -,L‘z 1 — S Zszjy]

Ut

Fromthis definitionwe canfind CV withoutactuallymakingall the computations
again.Letsseehow:

Noticethat

i) = Sijys + Siafy ().
J#i

Thequantitiesve addup to obtainCV arethe square®f
yi — @) =i =Y Sy — Sufy ().
j#i
Adding andsubtractingS;;y; we get
Yi — A;i(ﬂfi) =Yi— fA(iEz) + Sii(yi — A;i(ﬂﬁz‘))

whichimplies

_ - fA(»Ti)
1—S;

andwe canwrite

CV(A) =n Z {yi l—_fxsfji) }
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sowe don't have to computef;(z;)!
Letsseehow this definitionof CV maybeusefulin findingthe MSE.

Noticethattheabove definedCV is similarto the ASR exceptfor thedivision by
1 —S;;. Toseewhatthisis doingwe noticethatin mary situationsS;; ~ [S)S, ]
and1/(1 — S;)? ~ 1 + 2S;; whichimplies

E[CV()\)] ~ PSEA\) + 2ave[diag(S»)v?].

ThusCV adjustsASR sothatin expectationthe variancetermis correctbut in
doingsoinducesanerrorof 2S;; into eachof thebiascomponents.

In Figure5.4we seethe CV andMSE for n = 100 andn = 500 obsenratios

5.3 Bootstrap Standard Err ors and ConfidenceSets

Statisticakciencas thescienceof learningfrom experience EfronandTibshirani
(1993)say“Most peoplearenotnatural-borrstatisticiansLeft to ourown devices
we are not very goodat picking out patternsfrom a seaof noisy data. To put it
anothemway, we areall too goodat picking out non existing patternghathappen
to suitour purposes.

Supposewe find oursehesin the following commondata-analyticsituation: a
randomsamplex = (z1, ..., z,) fromanunknovn probabilitydistribution F' has
beenobsered andwe wish to estimatea parameteof interestd = ¢(F") onthe
basisof x. For this purposewe calculateanestimate) = s(x) from x.

A commonestimates the plug-in estimatet(F) whereF' is the empiricaldistri-
bution definedby

numberof valuesin x equalto «
n

F(z) =
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Figure5.4: CV, MSE, andfits obtainedfor the normalandt models.
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Canyouthink of a plug-in estimatethatis commonlyused?

The bootstrapwasintroducedby Efron (1979) as a computerbasedmethodto
estimatethe standardieviation of 6.

Whataretheadwantages:

e It is completelyautomatic
e Requiremotheoreticakalculations
e Not basedn asymptotiaesults

e Availableno matterhow complicatedhe estimatom is.

A bootstrapsampleis definedto bearandomsampleof sizen dravn from F, say

x* = (z],...,25).

For eachbootstrapsamplex* thereis a bootstrapreplicateof 6,
0* = s5(x*).
Thebootstrapestimateof ser () is definedby
se;(6%). (5.2)
Thisis calledtheideal bootstrap estimate of the standarderrorof s(x).

Noticethatfor the casewhered is theexpectedvalueor meanof x; we have

sep (") = sep(a})/Vn = |n"1Y (#:—2)2/Vn

=1

andthe ideal bootstrapestimates the estimatene areusedto. However, for ary
otherestimatorotherthanthe meanobtaining(5.2) thereis no neatformulathat
enablesisto computea numericalvaluein practice.

The bootstrapalgorithmis a computationalvay of obtaininga goodapproxima-
tion to thenumericalalueof (5.2).
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5.3.1 The bootstrap algorithm

Thebootstraplgorithmworksby draving mary independenbootstrapsamples,
evaluatingthe correspondingdpootstrapreplications,and estimatingthe standard
errorof § by theempiricalstandarcerror, denotedby se, whereB is thenumber
of bootstrapsamplesised.

1. SelectB independenbootstrapsamplesx;, . .., x};, eachconsistingof n
datavaluesdrawing with replacementrom x.

2. Evaluatethebootstrapgeplicationcorrespondindgo eachbootstrapsample

0*(b) = s(x}),b=1,...,B

3. Estimatethe standarderror se F(é) by the samplestandarcerror of the B

replicates
with

Thelimit of sep asB goesto infinity is theidealbootstrapestimateof (5.2). But
how closeis (5.2)to sex(#)? SeeEfron andTibshirani(1993)for moredetails.

5.3.2 Example: Curvefitting

In this examplewe will be estimatingregressionfunctionsin two ways, by a
standardeast-squareline andby loess.

A total of 164 meantook partin anexperimentto seeif thedrugcholostyramine
loweredblood cholesterolevels. The menweresupposedo take six pacletsof
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Figure5.5: Estimatedegressiorcurvesof Improvementon Compliance.

cholostyraminegper day, but mary of themactuallytook muchless. Figure5.5
shownvs complianceplottedagainsipercentagef theintendeddoseactuallytaken.
We alsoshaw a fitted line and a loessfit (using span=2/3). Notice the curves
similarfrom 0 to 60, alittle differentfrom 60to 80 andquitedifferentfrom 80to
100.

Assumethe pointsaregressiormodel
yz:f(xz)+6172: 1a"'an
with theeg; 1ID.

Saywe areinterestedn thedifferencen rateof changeof f(x) in the60—-80and
80—100sections.We could defineasthe parameteto describehis. How canwe
dothis?

Noticethatfinding a standarcerror for this estimates not straight-forvard. We
canusethebootstrap.
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fiine(69)  fiine(80) fiine(100)  fioesd60) floesd80) fioesd100)
value: 33 44 56 28 35 66
sexq: 2 2 3 5 4 4
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Figure5.6: 50 boostrapcurvesfor eachestimatiortechinique.

Evenwhenthereis no parametenpf interest,the bootstrapestimate®of f give us
anideaof whata confidencesetis for the nonparametriestimates We will see
moreof thisin Chapter7 and8.

5.3.3 Confidence“inter vals” for linear smoothers

It is easyto shaw thatthevariance-ceariancematrix of thevectorof fitted values
f=Syis
cov(f) = S8'0?

andgiven an estimateof ¢? this canbe usedto give point-wisestandarderrors,
mainly by looking at diag(SS’)o>.
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Canwe constructtonfidencentervals?Whatdowe need?

First of all we needto know the distribution (at leastapproximately)f f. If the
errorsarenormalwe know thatf is normallydistributed. Why?

In thenormalcasewhatarethe confidencentervalsfor?

Remembethat our estimatesare usually biased,E(f) = Sf # f. If our null
hypothesiss Sf = f (in the caseof splinesthis is equivalentto assumingf € G)
thenour confidencantenals arefor f otherwisethey arefor Sf. We will start
usingthenotationf = Sf. We canthink of f asanapproximatiorto “the truth” f.

To seehow point-wiseestimatesanbe useful,noticethatwe cangetanideaof
how variablef(z,) is. However, it isn't very helpful whenwe wantto seehow
variablef is asawhole.

Howeverwhatif we wantto know if a certainfunction,sayaline, isin our“con-
fidenceintenal™? Point-wiseintenalsdon't really helpuswith this.

5.3.4 Global confidencebands

Remembetthat f € R". This meansthat talking about confidenceintervals
doesnt make muchsenseWe needto considerconfidencesets.

For exampleif theerrorsarenormalwe know that

X(f) = (F - £)(sS'0*) 7' (f - 1)
is x2 distributed. This permitsus to constructconfidencesets(which you can
think of asrandomn-dimensionaballs)for f of probability «

Co={g;x(8) < X1-a} = {&; (F —8)'(SS'0*) *(f — &) < x1-a}-
Notice that the probability that the randomball doesnt fall on the approximate
truth f is a:

Pr(f ¢ C,) = Pr [(f —£)(8S'0?) 7 1(f — ) > Xl_a] = a
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Thisis only the casef we know o2.

Usuallywe constructanestimate

62 =(y —f)(y - f)/{n — tr(2S — SS)}
anddefineconfidencesets

C(f) = {g;v(g) < Gi-a}
basedn . o o
v(f) = (f — £)'(SS'6?)~1(f - f).
HereG,_, isthe (1 — a)th quantileof thedistribution of v ().

Do we know it? Not necessarily

In the caseof linear regressionwherethe gaussiarmodelis correctandS is a

p-dimensionaprojectionv(f) = v(f) hasdistribution (n — p) + pF,, -
Whenthisis notthe casewe canarguethatthedistributionis approximately

{n —tr(2S — SS')} + tr(SS’) Fir(ss/)n—tres—ss)

If we are not sureof the normality assumptioror thatf ~ f we canusethe
bootstrago constructanapproximatedistribution G of G.

How dowedoit?

5.3.5 Bootstrap estimateof G;_,

A bootstrapsamples generatedh thefollowing way

e For somedatay usesomeprocedure(a linear smootherfor example)to
obtainanestimatef of someestimand(in this casethe regressiorfunction
f).
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Figure5.7: Theregressiorcurve andanoutcomewith n = 100 ando? = 1.

0 20 40 60 80 100

e Obtainresiduals =y — f.

e Takeasimplerandomsampleof sizen fromtheresiduals;, .. ., é,. Notice
thatthis makesthemlID justlikethees.

e Constructa“new” dataset
vy =f+¢&
with &* thevectorof resampledesiduals.
e Fromthenew dataform anew estimatef*.
e Finally we obtainthevalueof
v = (f* = £)'(SS'6*2) 1 (f* — f)
e We repeathis proceduranary timesandform anapproximatedistribution

G with the valuesof v*. We may usethe (1 — )th quantileof G asan
estimateof G _,.
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Let's considethe modely; = f(z;) + €;,¢ = 1,...,n with g; [ID normal. In
Figure ?? we seeqgplotsof the true GG, the bootstrapG andthe F-distrikution
approximation.

5.3.6 Displaying the confidencesets

Displayingann — dimensional ball is noteasy

Global confidencébandsusuallyshow the projectionsof the confidencesetonto
eachof thecomponensub-spacedNoticethatafunction(now I'm usingfunction
andn-dimensionalectorinterchangeablyin this setwould actuallybein a con-
fidencecubeasopposedo a ball! Soa vectorwithin the confidencebandsisn’t
necessarilyn the confidenceball. However its true thatbeingin the ball implies
beingwithin theband.

Anotherpopularapproachs selectingafew functionsatrandomfrom N(?, SS'62
andcheckingto seeif they arein the confidenceset. If they are,we plot them.
This enablesisto seewhatkind of “shape”functionsin the confidencesethave.
Maybethey all have a bump, maybea large amountof themare closeto being
constantines,etc....

5.3.7 Approximate F-test

Usingthe F-distribution approximationsve may construct--testsfor testingvar-
ioushypotheses.

The p-value given by the S-Plusfunctiongan ) is usuallytestingfor linearity
andusinganF-distribution approximation.

Supposeve wish to compare2 smootherfl = S,y andf, = S,y. For example,
f, maybelinearregressiorandf, maybea“rougher’smoother
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Figure5.8: QQ-plotof bootstrapvs. true G andthe F-distribution approximation.
We alsoseepoint-wiseconfidenceantervalsandcurvesin (blue) andout (green)
of thebootstrapconfidenceset.
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Let RSS; and RS S, betheresidualsumof squareobtainedfor eachsmoother.
Which onedo you expectto bebigger?

andry; andr, bethedegreesof freedomof eachsmoothertr(2S;-S;S), j = 1, 2.
An approximatiorthatmay be usefulfor this comparisons

(RSS1 — RSS:) /(2 =) |
RSSZ/(’I’L _ 72) Y2—7Y1,M =2

There are momentcorrectionsthat can make this a better approximation(see
H&T).
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Figure5.9: Sameasprevios figure but with t-distributederrors
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