
Chapter 5

Resamplingmethods:Bias,
Variance,and their trade-off

We have definedvarioussmoothersandnonparametricestimationtechniques.In
classicalstatisticaltheorywe usuallyassumethat theunderlyingmodelgenerat-
ing the datais in the family of modelswe areconsidering.For nonparametrics
this assumptionsis relaxed andasymptoticandfinite samplebiasandvariance
estimatesarenot alwayseasyto find in closedform. In this Chapterwe discuss
someresamplingmethodsthatarecommonlyusedto getapproximationsof bias,
variance,confidenceintervals,etc...

In particularwe will look at the problemof choosingsmoothingparameters.
Rememberhow most of the smootherswe have definedhave someparameter
that controlsthe smoothnessof the final smoothor curve estimate. For kernel
smootherswe definedthe scaleparameter, for local regressionwe definedthe
spanor bandwidth,andfor smoothingsplineswe hadthepenaltyterm. We will
call all of thesethe smoothing parameter anddenoteit with

�
. It shouldbeclear

from thecontext whichof thespecificsmoothingparameterswearereferringto.
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Figure5.1: Outcomesof modelwith �������	��
��������������� andIID normalerrors
with �������
5.1 The bias-variancetrade-off

In smoothingin generalthereisafundamentaltrade-off betweenthebiasandvari-
anceof theestimate,andthis trade-off is governedby thesmoothingparameter.

Throughout thissectionwewill beusinganartificalexampledefinedby��� ��
�� !�"�#�$������%'& �)(+* �,� (.-/-/-.( 0 (5.1)

with the & � IID 12�43 ( �$� or 5�6 .
Thetrade-off is mosteasilyseenin thecaseof therunningmeansmoother. The
fittedrunning-meansmoothcanbewrittenas7��89���;:<�=� �>@? %A� B��C/DFEGIHKJMLON ���
Undermodel(2.1).Thevarianceis easyto compute.Whatis it?
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Thebiasis

E P 7��8@�Q�;:M�OR;ST���Q�;:<�=� �>@? %A� B��C/D EG HKJ L N U �F�Q� � �FSV�F�Q�;:M�XW
Notice that as

?
, in this casethe smoothingparameter, grows the variancesde-

creases.However, thebiggerthe
?

themore ���Q� � � ’s getinto thebias.

We have no ideaof what Y ��C/DFEG HKJ L N �F�Q� � � is becausewe don’t know � ! Let’s see
this in a moreprecise(notmuchmore)way.

Saywe think that � is smoothenoughfor usto assumethat its secondderivative�[Z Z��Q�;:<� is bounded.Taylor’s theoremsayswecanwrite����� � �=�\�����;:M��%]� Z �Q�;:<�^�Q� � S_�;:M��% �> � Z Z ���;:<�.��� � S`�;:<� � %'ab�Mc � � S_�;:@c � � -
Becaused� � Z Z ���;:<�.�Q� � S2�;:<��� is e �Mc � � S2�;:@c �X� westopbeingpreciseandwrite����� � �=f������;:M��%]� Z �Q�;:<�^�Q� � S2�;:<��% �> � Z Z ���;:<�.��� � S`�;:<� � -
Implicit hereis the assumptionthat c � � S\�;:@c is small. This is the way these
asymptoticswork. Weassumethatthekernelsizegoesto 0 as 0 getsbig.

Why did we only goup to thesecondderivative?

To makesthingssimple,let’sassumethatthecovariates� areequally spaced and
let g �h�ji�k d S_�ji wecanwrite� >@? %A���+l d B�!C$D EG HmJ L N �F�Q� � �=f������;:M��%�� >@? %A���+l d ? � ? %h���n � Z Z ���;:<� g �
So now we seethat the biasincreaseswith

? � andthe secondderivative of the
“true” function � . Thisagreeswith our intuition.

Now thatwehave

E
U 7��8o�Q�;:<�FSV�F�Q�;:M�XW � f � �>@? %h� % ? � ? %h���n � Z Z �Q�;:<� g �
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Figure5.2: Smoothsusingrunning-meansmootherwith bandwidthsof .01 and
0.1.To theright arethesmooths25replicates

wecanactuallyfind anoptimal
??@prqXs �ut v � �> gxw U � Z Z �Q� � �MW ��y

Usually this is not useful in practicebecausewe have no ideaof what �[Z Z��Q��� is
like. Sohow dowechosesmoothingparameters?

In Figure5.2we show thesmoothsobtainedwith a runningmeansmootherwith
bandwidthsof 0.01and0.1 on 25 replicatesdefinedby (5.1). Thebias-variance
trade-off canbeclearlyseen.

5.1.1 Bias-variancetrade-off for linear smoothers

Define z|{ asthehatmatrix for aparticularsmootherwhenthesmoothingparam-
eter

�
is used.The“smooth”will bewrittenas

7} {~��z�{/� .
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Define � {~� } S E ��z�{$�F�
asthebias vector.

Defineave�Q� � ��� 0 l d Y����� d � �� for any vector � . We canderive the following
formulas:

MSE� � ��� 0 l d �B ��� d var
U 7��{j�Q� � �XW�% ave� � �{ �� 0 l d tr ��z�{@z Z{ �#� � % 0 l d � Z{ � {

PSE� � ��� U ��% 0 l d tr �Oz|{oz Z{ �MW�� � % 0 l d � Z{ � { -
Noticefor least-squaresregressionz|{ is idempotentsothattr �Oz|{oz|Z{ ��� tr �Oz|{����
rank��z�{�� which is usuallythe numberof parametersin the model. This is why
we will sometimesrefer to tr �Oz|{@z|Z{ � asthe equivalent number of parameters or
degreesof freedomof oursmoother.

5.2 CrossValidation: Choosingsmoothnessparam-
eters

In the section,andthe restof the class,we will denotewith
7��{ the estimateob-

tainedusingsmoothingparameter
�
. Notice that usuallywhatwe really have is

thesmooth
7} { .

We will usethe modeldefinedby (5.1). Figure5.3 shows oneoutcomeof this
modelwith normalandt-distributederrors.

Wearetrying to find the
�

thatminimizes

MSE� � �=� 0 l d �B ��� d E P 7��{j�Q� � �FST�F�Q� � �OR �
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Figure5.3: Outcomesof model(5.1)

Problemis wedon’t now � .

Whatif wecouldgetanew setof data���d (/-/-/-^(+���� from thesamemodelproducing
the � d (.-/-/-.( � � ? Thiswouldbequitehelpfulbecausethepredictive squared error

PSE� � ��� E P � �� S 7��{b�Q� � ��R � � E P U � �� S����Q� � �XW"S U 7��{j�Q� � �jS����Q� � �XW$R[� MSE� � ��%�� � -
saysthat 0 l d Y ���� d P ���� S 7��{���� � �OR � is an averagehaving expectedvaluethe MSE
plus a constant. We could view this quantityas an estimateof MSE� � ��%\� � .
Since� � doesn’t dependon

�
wecouldfind the

�
thatminimizesit andthink that

wearecloseto the
�

thatminimizestheMSE.

Noticethattheabove calculationcanbedonebecausethe � �� s areindependentof
theestimates

7��{j�Q� � � s, thesamecan’t besaidaboutthe ��� s.

In practiceit is not commonto have a new setof data ���� ( * ��� (.-/-/-<(+0 . Cross-
validation tries to imitate this by leaving out points �Q� �O( ��� � one at a time and
estimatingthe smoothat � � basedon the remaining 0 S�� points. The cross-
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validationsumof squaresis

CV � � �=� 0 l d �B ��� d U ��� S 7�"l �{ ��� � �MW �
where

7� l �{ �Q� � � indicatesthefit at � � computedby leaving out the * S`5�� point.

We can now useCV to choose
�

by consideringa wide spanof valuesof
�
,

computingCV(
�
) for eachone,andchoosingthe

�
that minimizesit. Plotsof

CV(
�
) vs.

�
maybeuseful.

Why dowe think this is good?Firstnoticethat

E
U ��� S 7� l �{ �Q� � �XW � � E

U ��� SV����� � ��%]�F�Q� � �FS 7� l �{ �Q� � �MW �� � � % E
U 7� l �{ ��� � ��ST����� � �XW � -

Usingtheassumptionthat
7� l �{ �Q� � ��f 7��{j�Q� � � weseethat

E
U
CV � � �MW�f PSE� � �

However, whatwereallywantis� !�{ E
U
CV � � �MW�f � ��{ PSE� � �

but thelaw of largenumberssaystheabovewill do.

Why notsimplyusetheaveragedsquaredresiduals

ASR� � �=� 0 l d �B ��� d U ��� S 7��{j��� � �MW �X�
It turnsout this under-estimatesthe PSE.Notice in particularthat the estimate7���Q� � ��� ��� alwayshasASR equalto 0! We will seehow we canadjusttheASR
to form “good” estimatesof theMSE.

5.2.1 CV for linear smoothers

Now wewill seesomeof thepracticaladvantagesof linearsmoothers.
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For linearsmoothersin generalit is not obviouswhat is meantby
7� l �{ ��� � � . Let’s

giveadefinition...

Notice that any reasonablesmootherwill smoothconstantsinto constants,i.e.z������ . If we think of therows z ��� of z asweightsof a kernels,this conditionis
requiringthatall the 0 weightsin eachof the 0 kernelsaddupto 1. Wecandefine7� l �{ �Q� � � asthe“weightedaverage”

z ��� ��� �B i � d"� � i � i
but giving zeroweightto the * th entry, i.e.7� l �{ ��� � ��� ���S � ���

B i/ ��� � � i � i -
Fromthisdefinitionwecanfind CV withoutactuallymakingall thecomputations
again.Letsseehow:

Noticethat 7� l �{ �Q� � �=� B i. ��� � � i � i�% � ��� 7� l �{ �Q� � � -
Thequantitiesweaddup to obtainCV arethesquaresof��� S 7� l �{ �Q� � ��� ��� S B i/ ��� � � i � i�S � ��� 7� l �{ �Q� � � -
Addingandsubtracting� ������� weget��� S 7� l �{ ��� � �=� ��� S 7��{b�Q� � ��% � ��� � ��� S 7� l �{ �Q� � � �
which implies ��� S 7� l �{ ��� � ��� ��� S 7��{j��� � ��¡S � �m�andwecanwrite

CV � � �=� 0 l d �B ��� d
¢ ��� S 7��{b�Q� � ���S � ��� £ �
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sowedon’t have to compute
7� l �{ �Q� � � !

Letsseehow thisdefinitionof CV maybeusefulin finding theMSE.

NoticethattheabovedefinedCV is similar to theASRexceptfor thedivisionby��S � ��� . To seewhatthis is doingwenoticethatin many situations� ��� f P z|{@z�{$R ���
and ���¤����S � ��� � � f¥�¦% > � ��� which implies

E P CV � � ��R;f PSE� � ��% >
aveP diag��z�{�� � � R -

ThusCV adjustsASR so that in expectationthe varianceterm is correctbut in
doingsoinducesanerrorof

> � ��� into eachof thebiascomponents.

In Figure5.4weseetheCV andMSEfor 0 �§�$3@3 and 0 ��
o3@3 observatios

5.3 Bootstrap Standard Err ors and ConfidenceSets

Statisticalscienceis thescienceof learningfrom experience.EfronandTibshirani
(1993)say“Most peoplearenotnatural-bornstatisticians.Left toourown devices
we arenot very goodat picking out patternsfrom a seaof noisydata. To put it
anotherway, we areall too goodat picking out nonexisting patternsthathappen
to suitourpurposes.”

Supposewe find ourselves in the following commondata-analyticsituation: a
randomsample�¨�©�Q� d (/-/-/-^( � � � from anunknown probabilitydistribution ª has
beenobservedandwe wish to estimatea parameterof interest « �u5^� ª � on the
basisof � . For thispurpose,wecalculateanestimate

7« ��¬�Q�"� from � .

A commonestimateis theplug-in estimate5^� 7ª � where
7ª is theempiricaldistri-

butiondefinedby ª �Q����� numberof valuesin � equalto �0
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Figure5.4: CV, MSE,andfits obtainedfor thenormalandt models.
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Canyou think of aplug-inestimatethatis commonlyused?

The bootstrapwas introducedby Efron (1979)asa computerbasedmethodto
estimatethestandarddeviationof

7« .

Whataretheadvantages:® It is completelyautomatic® Requiresno theoreticalcalculations® Not basedonasymptoticresults® Availablenomatterhow complicatedtheestimator
7« is.

A bootstrapsampleis definedto bearandomsampleof size 0 drawn from
7ª , say� � �©�Q� � d (/-.-/-.( � �� � .

For eachbootstrapsample� � thereis abootstrapreplicateof
7« ,7« � �\¬�Q� � � -

Thebootstrapestimateof ¯.°± � 7« � is definedby¯^°�²± � 7« � � - (5.2)

This is calledtheideal bootstrap estimate of thestandarderrorof ¬�Q�"� .
Noticethatfor thecasewhere« is theexpectedvalueor meanof � d wehave¯.° ²± �<³� � �=� ¯^° ²± �Q� � d � �9´ 0 � µ¶¶· 0 l d �B �¸� d �Q� � S 7�|� � �9´ 0
andtheidealbootstrapestimateis theestimatewe areusedto. However, for any
otherestimatorotherthanthemeanobtaining(5.2) thereis no neatformula that
enablesusto computeanumericalvaluein practice.

Thebootstrapalgorithmis a computationalway of obtaininga goodapproxima-
tion to thenumericalvalueof (5.2).
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5.3.1 The bootstrap algorithm

Thebootstrapalgorithmworksby drawing many independentbootstrapsamples,
evaluatingthe correspondingbootstrapreplications,andestimatingthe standard
errorof

7« by theempiricalstandarderror, denotedby
7¯.°j¹ , whereº is thenumber

of bootstrapsamplesused.

1. Select º independentbootstrapsamples� � d (/-/-/-^( � �¹ , eachconsistingof 0
datavaluesdrawing with replacementfrom � .

2. Evaluatethebootstrapreplicationcorrespondingto eachbootstrapsample7« � �¼»^����¬j��� �½ � ( »��§� (.-/-/-<( º
3. Estimatethe standarderror ¯.°± � 7« � by the samplestandarderror of the º

replicates 7¯.°b¹ � ¾ �º S¿� ¹B ½ � d U 7« � �¼»<�=S 7« � �#À��MW ��Á
with 7« � ��À¸�=� ºÂl d ¹B ½ � d 7« � �4»<�

Thelimit of
7¯^°b¹ as º goesto infinity is theidealbootstrapestimateof (5.2). But

how closeis (5.2)to ¯^°j± � 7« � ? SeeEfronandTibshirani(1993)for moredetails.

5.3.2 Example: Curvefitting

In this examplewe will be estimatingregressionfunctionsin two ways, by a
standardleast-squaresline andby loess.

A total of 164meantook part in anexperimentto seeif thedrugcholostyramine
loweredbloodcholesterollevels. Themenweresupposedto take six packetsof
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Figure5.5: Estimatedregressioncurvesof ImprovementonCompliance.

cholostyramineper day, but many of themactually took muchless. Figure5.5
showscomplianceplottedagainstpercentageof theintendeddoseactuallytaken.
We alsoshow a fitted line and a loessfit (usingspan=2/3). Notice the curves
similar from 0 to 60,a little differentfrom 60to 80andquitedifferentfrom 80to
100.

Assumethepointsa regressionmodel��� �\���Q� � ��%TÃ ��( * �§� (/-/-.-.(+0
with the Ã � IID.

Sayweareinterestedin thedifferencein rateof changeof ������� in the60–80and
80–100sections.We coulddefineastheparameterto describethis. How canwe
do this?

Notice thatfinding a standarderror for this estimateis not straight-forward. We
canusethebootstrap.
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Figure5.6: 50boostrapcurvesfor eachestimationtechinique.

Evenwhenthereis no parameterof interest,thebootstrapestimatesof � give us
an ideaof whata confidencesetis for thenonparametricestimates.We will see
moreof this in Chapter7 and8.

5.3.3 Confidence“inter vals” for linear smoothers

It is easyto show thatthevariance-covariancematrixof thevectorof fittedvalues7} ��z�� is Æ@Ç � � 7} �=��zÈz Z � �
andgivenan estimateof � � this canbe usedto give point-wisestandarderrors,
mainlyby lookingatdiag��zÉz�Z���� � .
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Canweconstructconfidenceintervals?Whatdoweneed?

First of all we needto know thedistribution (at leastapproximately)of
7}
. If the

errorsarenormalweknow that
}

is normallydistributed.Why?

In thenormalcase,whataretheconfidenceintervalsfor?

Rememberthat our estimatesareusuallybiased,E � 7} �Ê� z }�Ë� }
. If our null

hypothesisis z } � }
(in thecaseof splinesthis is equivalentto assuming��Ì`Í )

thenour confidenceintervals are for
}

otherwisethey arefor z }
. We will start

usingthenotationÎ} �\z }
. Wecanthink of Î} asanapproximationto “the truth”

}
.

To seehow point-wiseestimatescanbeuseful,noticethatwe cangetan ideaof
how variable

7} ���;:<� is. However, it isn’t very helpful whenwe want to seehow
variable

7}
is asawhole.

Howeverwhatif we wantto know if a certainfunction,saya line, is in our “con-
fidenceinterval”? Point-wiseintervalsdon’t reallyhelpuswith this.

5.3.4 Global confidencebands

Rememberthat
7} ÌÐÏ � . This meansthat talking about confidenceintervals

doesn’t makemuchsense.Weneedto considerconfidencesets.

For exampleif theerrorsarenormalweknow thatÑ � Î} �=�©� 7} S Î} � Z �OzÈz Z � � �+l d � 7} S Î} �
is Ñ �� distributed. This permitsus to constructconfidencesets(which you can
think of asrandom0 -dimensionalballs)for Î} of probability ÒÓ�Ô � U�ÕFÖ Ñ � Õ �¦× Ñ d l Ô W~� U�ÕFÖ � 7} S Õ � Z ��zÉz Z � � � l d.� 7} S Õ ��× Ñ d l Ô W -
Notice that the probability that the randomball doesn’t fall on the approximate
truth Î} is Ò :Ø=Ù � Î}	ËÌ Ó�Ô ��� Ø=Ù�Ú � 7} S Î} � Z �OzÈz Z � � � l d<� 7} S Î} ��Û Ñ d l Ô@Ü � Ò -
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This is only thecaseif weknow � � .
Usuallyweconstructanestimate7� � �§�Q�ÝS 7} � Z �Q�¨S 7} � � U 0 S tr � > zÞS'zÈz Z �XW
anddefineconfidencesets Ó � Î} �=� U�ÕÉÖMß � Õ �¦×Aà d l Ô W
basedon ß � Î} �=�¥� 7} S Î} � Z �OzÈz Z 7� � � l d^� 7} S Î} � -
Here à d l Ô is the ����S Ò � th quantileof thedistributionof

ß � Î} � .
Do weknow it? Not necessarily.

In the caseof linear regression,wherethe gaussianmodel is correctand z is a
p-dimensionalprojection,

ß �OÎ} ��� ß � } � hasdistribution � 0 Sâá[��%ãá ª q/ä � l q .
Whenthis is not thecasewecanarguethatthedistribution is approximatelyU 0 S tr � > zÞS]zÉz Z �XW�% tr �OzÈz Z � ª tr H�å$å.æ¸N ä � l tr H � å l å$å.æ�N
If we are not sureof the normality assumptionor that Î} f }

we can usethe
bootstrapto constructanapproximatedistribution

7à of à .

How dowedo it?

5.3.5 Bootstrap estimateof ç2è<é"ê
A bootstrapsampleis generatedin thefollowing way® For somedata � usesomeprocedure(a linear smootherfor example)to

obtainanestimate
7}

of someestimand(in this casetheregressionfunction}
).
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Figure5.7: Theregressioncurveandanoutcomewith 0 �§�$3@3 and �����,� .
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® Obtainresiduals
7ë �h�ÝS 7}

.® Takeasimplerandomsampleof size 0 from theresiduals
7Ã d (.-/-/-.( 7Ã � . Notice

thatthismakesthemIID just like the Ã s.® Constructa “new” dataset � � � 7} % 7ë �
with

7ë � thevectorof resampledresiduals.® Fromthenew dataform anew estimate
7} � .® Finally weobtainthevalueofß � �§� 7} � S 7} � Z �OzÈz Z 7� � � � l d<� 7} � S 7} �® We repeatthisproceduremany timesandform anapproximatedistribution7à with the valuesof

ß � . We may usethe �#�ìS Ò � th quantileof
7à asan

estimateof à d l Ô .
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Let’s considerthe model ��� ������� � ��%AÃ ��(+* �í� (/-/-/-^(+0 with Ã � IID normal. In
Figure?? we seeqqplotsof the true à , the bootstrapà andthe F-distribution
approximation.

5.3.6 Displaying the confidencesets

Displayingan 0 STî *)ïÞð/0 ¬ * a 0|ñjò ball is noteasy.

Globalconfidencebandsusuallyshow theprojectionsof theconfidencesetonto
eachof thecomponentsub-spaces.Noticethatafunction(now I’m usingfunction
and 0 -dimensionalvectorinterchangeably)in this setwould actuallybein a con-
fidencecubeasopposedto a ball! Soa vectorwithin theconfidencebandsisn’t
necessarilyin theconfidenceball. However its truethatbeingin theball implies
beingwithin theband.

Anotherpopularapproachis selectingafew functionsatrandomfrom 1_� 7} ( zÉz�Z 7� �
andcheckingto seeif they arein the confidenceset. If they are,we plot them.
This enablesusto seewhatkind of “shape”functionsin theconfidencesethave.
Maybethey all have a bump, maybea large amountof themarecloseto being
constantlines,etc....

5.3.7 Approximate F-test

UsingtheF-distributionapproximationswemayconstructF-testsfor testingvar-
ioushypotheses.

The p-valuegivenby the S-Plusfunctiongam() is usuallytestingfor linearity
andusinganF-distributionapproximation.

Supposewe wish to compare2 smoothers
7} d �©z d � and

7} � �¥z � � . For example,7} d maybelinearregressionand
7} � maybea“rougher”smoother.
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Figure5.8: QQ-plotof bootstrapvs. true à andtheF-distributionapproximation.
We alsoseepoint-wiseconfidenceintervalsandcurvesin (blue)andout (green)
of thebootstrapconfidenceset.

B
BBBBBBBBBBB

BBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBBBBB
BBBBBBBBBBBBBBBBBBBBB

BBBBBBBBBBBBBBBBB
BBBBBBBBBBBB

BBBBBBBBBB
BBBBB
BBBBBB
BBBBBB
BBBBBBB

BBB
BB
BB
BBBB

BB

B

B

95 100 105 110 115 120

95
10

0
10

5
11

0
11

5
12

0

Gtrue

G
bo

ot

0 20 40 60 80 100

−
1.

0
−

0.
5

0.
0

0.
5

1.
0

1.
5

x

fit
1

Let ó ��� d and ó ��� � betheresidualsumof squaresobtainedfor eachsmoother..
Whichonedoyouexpectto bebigger?

andô d andô � bethedegreesof freedomof eachsmoother, tr � > z¤i�SõzIi/z�Zi � (Oö �§� ( > .
An approximationthatmaybeusefulfor thiscomparisonis� ó ��� d S ó ��� � � ��� ô � S ô d �ó ��� > ��� 0 S ô � � ÷ ª�ø ù l ø<ú ä � l ø ù
Thereare momentcorrectionsthat can make this a betterapproximation(see
H&T).
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Figure5.9: Sameaspreviosfigurebut with t-distributederrors
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