Chapter 6

Connections

6.1 Linear Smoothers:Influence,Variance,and De-
greesof Freedom

All the smoothersve have discussedn this classarelinear smoothers.The esti-
matesof theregressiorfunctioncanbewrittenas

f:Sy.

For someof the smoothersve have definedwe candefinea weightsequencéor
ary r anddefine

f(z) = ZWi(ﬂ?)yz—-

How canwe characterizéheamountof smoothingoeingperformed?Thesmooth
ing parametergprovide a characterizationbut it is notideal becauset doesnot
permitusto comparebetweerdifferentsmootherandfor smootherdik e loessit
doesnottake into accounthe shapeof the weightfunction nor the degreeof the
polynomialbeingfit.
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We now usetheconnectionbetweersmoothingandmultivariatelinearregression
(they arebothlinearsmoothers)o characteriz@ointwisecriteriathatcharacterize
theamountof smoothingat a singlepointandglobalcriteriathatcharacterizéhe
globalamountof smoothing.

We will definevariancereduction,influence,and degreesof freedomfor linear
smoothers.

The varianceof the interpolationestimateis vary,] = ¢. The varianceof our
smoothestimates

vaif (@) = o* 3 W(a)

sowe defined"" | W?(z) asthe variancereduction.Undermild conditionsone
canshaw thatthisis lessthanl.

Figure6.1: Degreesof freedomfor loessand smoothingsplinesasfunctionsof
thesmoothingparameter
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6.1. LINEAR SMOOTHERS:INFLUENCE,VARIANCE, AND DEGREESOFFREEDOMbS5S

Because

> vaif(w:)] = (8o,
i=1
thetotal variancereductionfrom ", vary;] is tr(SS’) /n.

In linearregressiorthe variancereductionis relatedto the degreesof freedom or
numberof parameterstor linearregression -, var f(z;)] = po?®. Onewidely
useddefinitionof degreesof freedomdor smootherss df = tr(SS').

The sensitvity of thefitted value,say f (x;), to thedatapointy; canbemeasured
by Wi(z:)/ >, Wa(z;) or S; (remembethedenominatofs usually1).

Thetotal influenceor sensitvity is Y ;. W;(z;) = tr(S).

In linearregressiortr(S) = p is alsoequialentto thedegreesof freedom.Thisis
alsousedasa definitionof degreesof freedom.

Figure6.2: Comparisorof threedefinitionof degreesof freedom
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Finally we noticethat
El(y — £)'(y — )] = {n — 2tr(S) + tr(SS") }o?

In thelinearregressiorcasethisis (n — p)o?. We thereforedenoten — 2tr(S) +
tr(SS’) astheresidualdegreesof freedom.A third definition of degreesof free-
domof asmootheis then2tr(S) — tr(SS’).

Underrelatively mild assumptionsve canshow that

1 <tr(SS') < tr(S) < 2tr(S) — tr(SS') < n

6.2 Smoothingand PenalizedLeastSquares

In Section4.4.1we saw that the smoothingspline solutionto a penalizedeast
squaress alinearsmoother

Usingthenotationof Section4.4.1,we canwrite the penalizectriterionas

(y — B8) (y — BO) + \6'Q20

Settingderivativeswith respecto 8 equalto 0 givesthe estimatingequation:
(B'B+ \Q2)0 =By

the @ thatsolvesthis equationwill give ustheestimatez = B6.

Write:
g =B0=B(B'B+ /\Q)_lB'y =(I+ )\K)‘ly

whereK = B—QB~.

Noticewe canwrite the penalizectriterionas

(y—g)(y—g)+ ) g'Kg
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Figure6.3: Kernelsof a smoothingspline.
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If we plot the rows of this linear smootherwe will seethatit is like a kernel
smoother

Notice that for ary linear smootherwith a symmetricand nonngative definite
S, i.e. thereS~ exists, thenwe canamguein reverse:f = Sy is the valuethat
minimizesthe penalizedeastsquare<riteriaof theform

(y =) (y—f)+f(S™ —Df.

Someof the smoothergresentedn this classare not symmetricalbut areclose.
In factfor mary of themonecanshav thatasymptoticallythey aresymmetric.
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6.3 Eigenanalysisand spectralsmoothing

For asmoothemwith symmetricsmoothematrix S, the eigendecompositioaf S
canbeusedto describats behaior.

Let {uy,...,u,} beanorthonormalbasisof eigervectorsof S with eigervalues

0129220n

Suj:9juj,j:1,...,n
or

n
S=UDU =) 6,u;u.
7j=1
HereD is adiagonalmatrix with theeigervaluesastheentries.

For simplelinearregressiornwe only have two nonzerceigervalues.Their eigen-
vectorsareanorthonormabasisfor lines.

Figure6.4: Eigervaluesandeigervectorsof the hatmatrix for linearregression.
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Thecubicsplineis animportantexampleof a symmetricsmootherandits eigen-
vectorsresemblgoolynomialsof increasingdegree.

It is easyto shav thatthefirst two eigervaluesareunity, with eigervectorswhich
correspondo linear functionsof the predictoron which the smootheris based.
Onecanalsoshawv thatthe othereigervaluesareall strictly betweerzeroandone.

Theactionof the smoothelis now transparentif presentedvith aresponser =
u;, it shrinksit by anamount; asabove.

Figure 6.5: Eigervaluesand eigervectors1 through10 of S for a smoothing
spline.

ooooooooooooo

Cubicsmoothingsplinesregressiorsplinesinearregressionpolynomialregres-
sionareall symmetricsmoothers.However, loessandother“nearestneighbor”
smoothersrenot.

If S is notsymmetricwe have comple eigervaluesandthe above decomposition
is notaseasyto interpret.However we canusethe singularvaluedecomposition

S =UDV'

On canthink of smoothingasperformingabasistransformatiorz = V'y, shrink-
ing with z = Dz thecomponentshatarerelatedto “unsmoothcomponentsand
thentransformingoackto thebasisy = Uz we startedoutwith... sortof.
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Figure6.6: Eigenvectorsl1through30for asmoothingsplinefor n = 30.
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In signalprocessingignalsare“filtered” usinglineartransformationsThetrans-
fer function describeshow the power of certainfrequeng componentsre re-
duced. A low-passfilter will reducethe power of the higherfrequeng compo-
nents. We canview the eigenvaluesof our smoothematricesastransferfunc-
tions.

Noticethatthe smoothingsplinecanbe considered low-pasdilter. If welook at
the eigervectorsof the smoothingsplinewe noticethey aresimilar to sinusoidal
componentf increasingfrequeng. Figure 6.5 shaws the “transfer function”
definedby thesmoothingsplines.

Thechangeof basisdeadescribedbore hasbeenexploredby DonohoandJohn-
ston1994,1995)andBeran(2000). In the following sectionwe give a shortin-
troductionto theseideas.

6.4 Economical Bases: Waveletsand REACT esti-
mators

If oneconsidetthe“equally spaced'Gaussiamegression:
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t; = (1 — 1)/n andtheeg;s1ID N(0,c?), mary thingssimplify.

We canwrite this in matrix notation: the responsevectory is N, (f, o*I) with

f= {f(tl)a T f(tn)}l

As usualwe wantto find anestimationprocedurghatminimizesrisk:

n~'E[[f —f| =n"'E [Z{f(ti) - f(tz')}Q] :

We have seerthatthe MLE is f; = y; whichintuitively doesnotseemvery useful.
Thereis actuallyanimportantresultin statisticihatmakesthis moreprecise.

Stein(1956)noticedthatthe MLE is inadmissible:Thereis anestimationproce-
dureproducingestimatesvith smallerrisk thatthe MLE for ary f.

To developanon-trivial theoryMLE won't do. A popularproceduraes to specify
somefixed classF of functionswhere f lies andseekan estimatorf attaining
minimaxrisk

inf sup R(f, f)
f feF

By restrictingf € F we make assumption®n the smoothnessf f. For exam-
ple, the L? Sobole family makesanassumptioron the numberm of continuous
derivativesandalimits the sizeof themth derivative.

6.4.1 Usefultransformations

Remembef € R" andthattherearemary orthogonabasedor this space.Any
orthogonalbasiscan be representedvith an orthogonaltransformU that gives
us the coeficientsfor ary f by multiplying & = U’f. This meansthatwe can
represenary vectorasf = UE.
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Remembethatthe eigenanalysisof smoothingsplineswe canview theeigervec-
torsasuchatransformation.

If we aresmart,we canchoosea transformatiorlU suchthat¢& hassomeuseful
interpretation Furthermoregertaintransformatiormaybemore“economical’as
wewill see.

For equally spaceddata a widely usedtransformationis the DiscreteFourier
Transform(DFT). Fourierstheoremsaysthatary f € R" canbere-writtenas

n/2—1

27k . ([ 27k . .
fi=ap+ kzzl {ak cos (T z) + by, sin (7 2) } + Gy 2 coOs(mi)
fori =1,...,n. Thisdefinesabasisandthecoeficientsa = (ag, a1,b1,...,...,an/2)
canbeobtainedvia a = U'f with U having columnsof sinesandcosines:
U, = [n_1/2:1§z'§n]
Up = [(2/n)?sin{2rki/n}:1<i<n)k=1,...,n/2
Unpsr1 = [(2/n)?cos{2nki/n} :1<i<n]k=1,...,n/2—1.

Note: This caneasilybe changedo the casewheren is odd by substitutingn /2
by |n/2] andtakingoutthelasttermlasttermar, 2.

If asignalis closeto asinewave f(t) = cos(2mjt/n + ¢) for someinteger1 <
j < n, only two of the coeficientsin a will be big, namelythe onesassociated
with thecolumns2; — 1 and2j, therestwill becloseto 0.

This makes the basisassociatedvith the DFT very economical(and the peri-
odogram a good detector of hidden periodicities). Considerthatif we whereto
transmitthesignal,sayusingmodemsandatelephonéine, it would bemore“eco-
nomical”to senda insteadof thef. Oncea is receved,f = Ua is reconstructed.
Thisis basicallywhatdatacompressioris all about.

Becauseave aredealingwith equallyspacediata,the coeficientsof the DFT are
alsorelatedto smoothnessNotice thatthe columnsof U areincreasingn fre-
gueny andthusdecreasingn smoothnessThis meanghata “smooth” f should
have only thefirst a = U’f relatively differentfrom O.
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A closerelative of the DFT is the DiscreteCosineTransform(DCT).

U, = [n_1/2:1§i§n]
U = [(2/n)Y?cos{m(2i —1)k/(2/n)}:1 <i<nl,k=2,...,n

Economicabasedogethemwith “shrinkage”ideascanbeusedto reducerisk and
even to obtainestimatesvith minimax properties. We will seethis throughan
example

6.4.2 An example

We considerbody temperaturaelatataken from a mouseevery 30 minutesfor a
day, sowe have n = 48. We believe measurementwill have measuremergrror
andmaybeervironmentalvariability sowe usea stochastianodellike (6.1). We
expectbodytemperaturéo change'smoothly” through-outhe daysowe believe
f(x) is smooth. Underthis assumptior = U'f, with U the DCT, shouldhave
only afew coeficientsthatare“big”.
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Becausehe transformationis orthogonalwe have thatz = U'y is N(§, afI).
An ideawe learnfrom Stein(1956)is to considelinearshrunlenestimateg =
{wz;w € [0, 1]"}. Heretheproductwz is takencomponent-wiséike in S-plus.

We canthenchooseéhe shrinkagecoeficientsthatminimizetherisk
E[|€ - ¢|* = E||U& — f|]°

RemembethatU¢ = UU'f =f.

Relatively simple calculationsshav thatw = £2/(&€* 4+ ¢2) minimizesthe risk
over all possiblew € R*. The MLE obtainedwith w = (1,...,1)’, minimizes
therisk only if w = (1, ..., 1)’ which only happensvhenthereis no variance!

Figure6.7: Fitted curvesobtainedwhenusingshrinkagecoeficientsof the from
w=(1,1,...,1,0,...,0), with 2m + 1 thenumberof 1sused.
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Notice that w makes sensebecauset shrinkscoeficientswith small signalto
noiseratio. By shrinkingsmall coeficientscloserto O we reducevarianceand
the biaswe addis not very large, thusreducingrisk. However, we don’t know &
noro? soin practicewe cant producew. Hereis wherehaving economicabases
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arehelpful: we constructestimationprocedureshatshrinkmoreaggressiely the
coeficientsfor which we have a-priori knowledgethatthey are“closeto 0” i.e.
have smallsignalto noiseratio. Two examplesof suchprocedureare:

In Figure??, we show for thebodytemperaturelatathethefitted curvesobtained
whenusingshrinkagecoeficientsof thefromw = (1,1,...,1,0,...,0).

Figure6.8: Estimatesbtainedwith harmonicmodelandwith REACT. We also
shaw thez andhow they have beenshrunlen.
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If Figure6.8 we show thefitted curve obtainedwith w = (1,1,...,1,0,...,0)
andusingREACT. In thefirst plot we shawv the coeficientsshrunlento 0 with
crosseslin thesecondz plot we shov wz with crossesNoticethatonly thefirst
few coeficientsof the transformatiorare“big”. Herearethe samepicturesfor
dataobtainedor 6 consecutie weelends.

Finally in Figure 6.9 we shav the two fitted curves and comparethemto the
averageobtainedrom observingmary daysof data.

Notice thatusingw = (1,1,1,1,0,...,0) reducesto a parametricmodel that
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Figure6.9: Comparisorof two fitted curvesto the averageobtainedrom observ-

ing mary daysof data.
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assumeg is asumof 4 cosinefunctions.

Any smoothemwith a smoothingmatrix S thatis a projection,e.qg. linearregres-
sion,splines,canbe considera specialcaseof whatwe have describechere.

ChoosinghetransformatiollJ is animportantstepin thesegprocedureThetheory
developedfor Waveletsmotivatea choiceof U thatis especiallygoodat handling

functionsf thathave “discontinuities”.

6.4.3 Wavelets

Thefollowing plot shav a nucleamagnetiacesonancéNMR) signal.

Thesignaldoesappearto have someaddednoisesowe coulduse(6.1)to model
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40

the processHowever, f(z) appearso have a peakat aroundz = 500 makingit
notvery smoothat thatpoint.

Situationdik ethesearewherewaveletsanalysess especiallyusefulfor “smooth-
ing”. Now amoreappropriatevord is “de-noising”.

The DiscreteWavelet Transformdefinesan orthogonalbasisjust like the DFT
and DCT. However the columnsof DWT arelocally smooth. This meansthat
the coeficientscanbeinterpretedaslocal smoothnessf the signalfor different
locations.

Herearethe columnsof the HaarDWT, the simplestwavelet.
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Notice thattheseare stepfunction. However, thereareways (they involve com-
plicatedmathandno closedforms)to create'smoother’wavelets.Thefollowing
arethecolumnsof DWT usingthe Daubechiesvavelets

Thefollowing plot shavsthe coeficientsof theDWT by smoothneskevel andby
location:

Usingwaveletwith shrinkageseemgo performbetterat de-noisinghansmooth-
ing splinesandloessasshavn by thefollowing figure.

Thelastplot is whatthewaveletestimatdookslik e for thetemperaturelata
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6.5 BayesianModel for Cubic Splines

Noticethatthe above definitioncanbe easilyextendedo a Bayesiamproblem:If
we defineadistributionfor f, saydP(f) thenwe mayconsiderthe averagerisk

| Ella = 5171710 (s)
asacriterion.
Thisfollows section3.6in thebookby HastieandTibshirani.

Thecubicsmoothingsplinecanbederivedfrom anumberof Bayesiamrmodelsfor
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smoothing.Thedetailsarehard,but canbefoundin abookby Wahba.
Herewe will demonstrata fairly simpleexample.

Remembewe canwrite any naturalcubicsplineas

Considetthe following Bayesiarset-up:
ModelassumptionsAssumehedatay follow aGaussiawlistribution N (B, o°L,).

Prior assumptionsAssume@ follows a multivariateGaussiarprior distribution
with mean0 andvariances?/A\Q ™",

it followsthatthe posteriordistribution of 8 is multivariateGaussiawith mean
E(0ly) = B(B'B+ AQ) 'B'y

whichis the naturalsmoothingsplineestimateof 6.

6.6 Mixed Modelsand Splines

Mixedmodelsaredefinedby
y=XB+Zu+e¢

wherey is a vectorof n obsenablerandomvariables,3 is vectorof p unknovn
parameterfiaving fixed values(fixed effects),X andZ areknown matricesand
u ande arevector of lengthg andn, of unobserablevariablesrandomeffects)
suchthatE(u) = 0 andE(e) = 0 and

2] (5 3

. Here R andG areknown positive definitematricesando? is a positive constant.
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Randomeffectsareespeciallyusefulto introducecorrelationto the randompart
of themodel.

Robinson(1991)describesiow the bestlinearunbiasedredictorof y is a“good
thing”. Speed1991)notesthatafterdefininganappropriatéX, Z, andG we have
thatnaturalsmoothingareBLUPS.

The smoothingparameters includedin the G andonecanview it a “nuisance”
parameterRobinson(1991)suggestREML estimationasa way of “estimating”
the smoothnesparameterSpeedotesthatthis is equivalentto Wahbas Gener
alizedMaximumLik elihoodestimateof the smoothingparameter

Furthermorethis ideapermitsus to modelnestedcurvesin a naturalway. See
BrumbackandRice (1998).
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