
Chapter 6

Connections

6.1 Linear Smoothers:Influence,Variance,and De-
greesof Freedom

All thesmootherswe have discussedin this classarelinearsmoothers.Theesti-
matesof theregressionfunctioncanbewrittenas��������	�
For someof thesmootherswe have definedwe candefinea weightsequencefor
any 
 anddefine ��� 
�� � �� � ����� � � 
���� � �
How canwecharacterizetheamountof smoothingbeingperformed?Thesmooth-
ing parametersprovide a characterization,but it is not ideal becauseit doesnot
permitusto comparebetweendifferentsmoothersandfor smootherslike loessit
doesnot take into accounttheshapeof theweightfunctionnor thedegreeof the
polynomialbeingfit.
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64 CHAPTER6. CONNECTIONS

Wenow usetheconnectionsbetweensmoothingandmultivariatelinearregression
(they arebothlinearsmoothers)to characterizepointwisecriteriathatcharacterize
theamountof smoothingatasinglepointandglobalcriteriathatcharacterizethe
globalamountof smoothing.

We will definevariancereduction,influence,anddegreesof freedomfor linear
smoothers.

The varianceof the interpolationestimateis var��� ��� ����� . The varianceof our
smoothestimateis

var� ��� 
�� � � � � �� � ��� � �� � 
��
sowe define ! �� ��� � �� � 
�� asthevariancereduction.Undermild conditionsone
canshow thatthis is lessthan1.

Figure6.1: Degreesof freedomfor loessandsmoothingsplinesasfunctionsof
thesmoothingparameter
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Because �� � ��� var� ��"� 
 � � � � tr
���#��$ � � �&%

thetotal variancereductionfrom ! �� ��� var��� � � is tr
���#� $ �('*) .

In linearregressionthevariancereductionis relatedto thedegreesof freedom,or
numberof parameters.For linearregression,! �� ��� var� ��� 
 � � � �,+-� � . Onewidely
useddefinitionof degreesof freedomsfor smoothersis . �/� tr

���#� $ � .
Thesensitivity of thefitted value,say

��� 
 � � , to thedatapoint � � canbemeasured
by � � � 
 � �(' ! �� ��� � � � 
 � � or

� �0�
(rememberthedenominatoris usually1).

Thetotal influenceor sensitivity is ! �� ��� � � � 
 � � � tr
��� � .

In linearregressiontr
��� � �1+ is alsoequivalentto thedegreesof freedom.This is

alsousedasadefinitionof degreesof freedom.

Figure6.2: Comparisonof threedefinitionof degreesof freedom
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66 CHAPTER6. CONNECTIONS

Finally wenoticethat

E � �2�43 �� � $5�5�63 �� � � �87 ) 3,9 tr ��� �;: tr
���#��$ �=< � �

In thelinearregressioncasethis is
� ) 3>+ � � � . We thereforedenote) 3?9 tr ��� �#:

tr
���#� $ � astheresidualdegreesof freedom.A third definitionof degreesof free-

domof asmootheris then
9
tr
��� � 3 tr

�@�A� $ � .
Underrelatively mild assumptionswecanshow thatBDC

tr
�@�A��$ � C tr

��� � C 9 tr ��� � 3 tr
���#�E$ � C )

6.2 Smoothingand PenalizedLeastSquares

In Section4.4.1we saw that the smoothingsplinesolutionto a penalizedleast
squaresis a linearsmoother.

Usingthenotationof Section4.4.1,wecanwrite thepenalizedcriterionas�5�631FHG � $ �5�I3JFHG �K:ML G $ON G
Settingderivativeswith respectto

G
equalto 0 givestheestimatingequation:�PFQ$OF :ML N � GR� FQ$S�

the
�G

thatsolvesthisequationwill giveustheestimate
�T �UF �G .

Write: �T � FHGR� F/�VFQ$SF :?L N �XW � FQ$S�Y�Z�P[ :?L]\6�XW � �
where\ � F $ W N F W .
Noticewecanwrite thepenalizedcriterionas�2�43 T � $5�2�63 T �K:ML T $ \ T
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Figure6.3: Kernelsof a smoothingspline.

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

x

1t
h 

ro
w

 o
f S

0.0 0.2 0.4 0.6 0.8 1.0

0.
00

0.
05

0.
10

0.
15

x

21
th

 r
ow

 o
f S

0.0 0.2 0.4 0.6 0.8 1.0

0.
00

0.
05

0.
10

0.
15

x

41
th

 r
ow

 o
f S

0.0 0.2 0.4 0.6 0.8 1.0

0.
00

0.
10

0.
20

x

61
th

 r
ow

 o
f S

0.0 0.2 0.4 0.6 0.8 1.0

0.
00

0.
05

0.
10

0.
15

0.
20

x

81
th

 r
ow

 o
f S

0.0 0.2 0.4 0.6 0.8 1.0

0.
00

0.
10

0.
20

0.
30

x

10
1t

h 
ro

w
 o

f S

If we plot the rows of this linear smootherwe will seethat it is like a kernel
smoother.

Notice that for any linear smootherwith a symmetricand nonnegative definite�
, i.e. there

� W exists, thenwe canarguein reverse:
��4�^�E�

is the valuethat
minimizesthepenalizedleastsquarescriteriaof theform�5�63_� � $5�5�431� �K: �&$P�@� W 31` � �a�
Someof thesmootherspresentedin this classarenot symmetricalbut areclose.
In factfor many of themonecanshow thatasymptoticallythey aresymmetric.
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6.3 Eigenanalysisand spectralsmoothing

For a smootherwith symmetricsmoothermatrix
�

, theeigendecompositionof
�

canbeusedto describeits behavior.

Let
7cb � % �&�d� % b � < beanorthonormalbasisof eigenvectorsof

�
with eigenvaluese �gf e � �d�&� f e � : ��b�hi�UeXhjb]h %�k � B % �d�d� % )

or �6� l/m/ln$-� �� h ��� eXhob�h=bK$h �
Here

m
is a diagonalmatrixwith theeigenvaluesastheentries.

For simplelinearregressionwe only have two nonzeroeigenvalues.Their eigen-
vectorsareanorthonormalbasisfor lines.

Figure6.4: Eigenvaluesandeigenvectorsof thehatmatrix for linearregression.
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Thecubicsplineis animportantexampleof asymmetricsmoother, andits eigen-
vectorsresemblepolynomialsof increasingdegree.

It is easyto show thatthefirst two eigenvaluesareunity, with eigenvectorswhich
correspondto linear functionsof the predictoron which the smootheris based.
Onecanalsoshow thattheothereigenvaluesareall strictly betweenzeroandone.

Theactionof thesmootheris now transparent:if presentedwith a response
�,�b�h

, it shrinksit by anamount
eXh

asabove.

Figure 6.5: Eigenvaluesand eigenvectors1 through10 of
�

for a smoothing
spline.
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Smoothing spline

Cubicsmoothingsplines,regressionsplines,linearregression,polynomialregres-
sion areall symmetricsmoothers.However, loessandother“nearestneighbor”
smoothersarenot.

If p is notsymmetricwehavecomplex eigenvaluesandtheabovedecomposition
is not aseasyto interpret.Howeverwecanusethesingularvaluedecompositionp4q r/sHtIu
Oncanthink of smoothingasperformingabasistransformationvwqxt uzy , shrink-
ing with {v|q}snv thecomponentsthatarerelatedto “unsmoothcomponents”and
thentransformingbackto thebasis {y qUr_{v westartedoutwith... sortof.
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Figure6.6: Eigenvectors11 through30 for asmoothingsplinefor ) �U~�� .
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Smoothing spline
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Smoothing spline

In signalprocessingsignalsare“filtered” usinglineartransformations.Thetrans-
fer function describeshow the power of certainfrequency componentsare re-
duced. A low-passfilter will reducethe power of the higherfrequency compo-
nents.We canview the eigenvaluesof our smoothermatricesastransferfunc-
tions.

Noticethatthesmoothingsplinecanbeconsidereda low-passfilter. If we look at
theeigenvectorsof thesmoothingsplinewe noticethey aresimilar to sinusoidal
componentsof increasingfrequency. Figure 6.5 shows the “transfer function”
definedby thesmoothingsplines.

Thechangeof basisideadescribedabovehasbeenexploredby DonohoandJohn-
ston1994,1995)andBeran(2000). In the following sectionwe give a shortin-
troductionto theseideas.

6.4 Economical Bases: Waveletsand REACT esti-
mators

If oneconsiderthe“equallyspaced”Gaussianregression:�*� q}���� �P�K�_�c����� q�� �&�d�d�&�(� (6.1)



6.4. ECONOMICAL BASES:WAVELETSAND REACT ESTIMATORS 71� � ���P�K3 B ��'*) andthe � � s IID � �V� % � � � , many thingssimplify.

We canwrite this in matrix notation: the responsevector
�

is � � �P� % � � [ � with����7*�� � � � % �d�d� % �� � � �X< $ .
As usualwewantto find anestimationprocedurethatminimizesrisk:) W � E ��� ��i31� ��� � � ) W � E ���� � ��� 7 ��� � � � 3,�� � � �X< ��� �
WehaveseenthattheMLE is

�� � � � � whichintuitivelydoesnotseemveryuseful.
Thereis actuallyanimportantresultin statisticsthatmakesthismoreprecise.

Stein(1956)noticedthattheMLE is inadmissible:Thereis anestimationproce-
dureproducingestimateswith smallerrisk thattheMLE for any

�
.

To developanon-trivial theoryMLE won’t do. A popularprocedureis to specify
somefixed class � of functionswhere

�
lies andseekan estimator

��
attaining

minimaxrisk ��� �¡¢J£(¤¦¥¢&§j¨ª© � �� % � �
By restricting

�¬« � we make assumptionson thesmoothnessof
�
. For exam-

ple, the  � Sobolev family makesanassumptionon thenumber® of continuous
derivativesanda limits thesizeof the ® th derivative.

6.4.1 Useful transformations

Remember
�¯«±° � andthat therearemany orthogonalbasesfor this space.Any

orthogonalbasiscanbe representedwith an orthogonaltransform
l

that gives
us the coefficientsfor any

�
by multiplying ² �³l $ � . This meansthat we can

representany vectoras
�´� l ² .
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Rememberthattheeigenanalysisof smoothingsplineswecanview theeigenvec-
torsasucha transformation.

If we aresmart,we canchoosea transformation
l

suchthat ² hassomeuseful
interpretation.Furthermore,certaintransformationmaybemore“economical”as
wewill see.

For equally spaceddata a widely usedtransformationis the DiscreteFourier
Transform(DFT). Fourier’s theoremsaysthatany

�µ«6° � canbere-writtenas� � �U¶¸· : �º¹ � W �� » ���1¼ ¶ »E½&¾ £´¿ 9ÁÀ#Â) �@Ã :?Ä » £ �Å� ¿ 9cÀ#Â) ��Ã¯Æ : ¶ �º¹ � ½&¾ £ �5ÀK� �
for
�A� B % �d�d� % ) . ThisdefinesabasisandthecoefficientsÇ �Z�V¶¸· % ¶ � % Ä � % �d�&� % �&�d� % ¶ �d¹ � � $canbeobtainedvia Ç �Ul $ � with

l
having columnsof sinesandcosines:È � � ��)#W � ¹ �´É BµC � C ) �È � » � � ��9 '*)�� � ¹ � £ �Å� 7*9cÀ#Â � '*)A< É BDC � C ) � % ÂÊ� B % �d�d� % )�' 9È � »XË � � � ��9 '*)�� � ¹ � ½&¾ £ 7*9cÀ#Â � '*)A< É BµC � C ) � % ÂÊ� B % �d�d� % )K' 9Ì3 B �

Note: This caneasilybechangedto thecasewhere ) is oddby substituting)K' 9
by Í2)�' 9cÎ andtakingout thelasttermlastterm

¶KÏ �d¹ ��Ð .
If a signalis closeto a sinewave

�"� � � � ½&¾ £ ��9cÀ k � '*)Ñ:ÓÒE� for someinteger
B¯Ck C ) , only two of the coefficientsin Ç will bebig, namelytheonesassociated

with thecolumns
9 k 3 B

and
9 k

, therestwill becloseto 0.

This makes the basisassociatedwith the DFT very economical(and the peri-
odogram a good detector of hidden periodicities). Considerthat if we whereto
transmitthesignal,sayusingmodemsandatelephoneline, it wouldbemore“eco-
nomical” to sendÇ insteadof the

�
. OnceÇ is received,

�Ì�Ôl Ç is reconstructed.
This is basicallywhatdatacompressionis all about.

Becausewe aredealingwith equallyspaceddata,thecoefficientsof theDFT are
alsorelatedto smoothness.Notice that the columnsof

È
areincreasingin fre-

quency andthusdecreasingin smoothness.This meansthata “smooth”
�

should
haveonly thefirst Ç �}l $ � relatively differentfrom 0.
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A closerelativeof theDFT is theDiscreteCosineTransform(DCT).È � � ��)#W � ¹ �ÕÉ BµC � C ) �È » � � ��9 'c)K� � ¹ � ½&¾ £ 7ºÀ	�V9*�K3 B � Â ' ��9 'c)K�=< É BUC � C ) � % ÂÊ� 9 % �d�&� % )
Economicalbasestogetherwith “shrinkage”ideascanbeusedto reducerisk and
even to obtainestimateswith minimax properties.We will seethis throughan
example

6.4.2 An example

We considerbody temperaturedatataken from a mouseevery 30 minutesfor a
day, sowe have ) �8Ö�× . We believe measurementswill have measurementerror
andmaybeenvironmentalvariability sowe usea stochasticmodellike (6.1). We
expectbodytemperatureto change“smoothly” through-outthedaysowebelieve�� 
�� is smooth.Underthis assumption² �Øl $ � , with

l
theDCT, shouldhave

only a few coefficientsthatare“big”.
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Becausethe transformationis orthogonalwe have that Ù �Úl $ � is � � ² % � � [ � .
An ideawe learnfrom Stein(1956)is to considerlinearshrunkenestimates

�² �7ºÛ ÙÝÜ Û�« � � % B � � < . Heretheproduct
Û Ù is takencomponent-wiselike in S-plus.

WecanthenchoosetheshrinkagecoefficientsthatminimizetheriskÞ ��� �² 3 ²A��� � � Þ ��� l �² 3±� ��� � �
Rememberthat

l ² �UlRl $ �´�U� .
Relatively simplecalculationsshow that ßÛ � ² � ' � ² � : � � � minimizesthe risk
over all possible

ÛÚ«J° � . TheMLE obtained,with
Û³�à� B % �&�d� % B � $ , minimizes

therisk only if ßÛØ�Z� B % �&�d� % B � $ whichonly happenswhenthereis novariance!

Figure6.7: Fittedcurvesobtainedwhenusingshrinkagecoefficientsof thefromÛØ�á� B % B % �d�d� % B % � % �d�d� % � � , with
9 ®�: B thenumberof 1sused.
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Notice that ßÛ makes sensebecauseit shrinkscoefficientswith small signal to
noiseratio. By shrinkingsmall coefficientscloserto 0 we reducevarianceand
thebiaswe addis not very large,thusreducingrisk. However, we don’t know ²
nor
� �

soin practicewecan’t produce ßÛ . Hereis wherehaving economicalbases
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arehelpful: weconstructestimationproceduresthatshrinkmoreaggressively the
coefficientsfor which we have a-priori knowledgethat they are“close to 0” i.e.
havesmallsignalto noiseratio. Two examplesof suchprocedureare:

In Figure??, weshow for thebodytemperaturedatathethefittedcurvesobtained
whenusingshrinkagecoefficientsof thefrom

ÛØ�á� B % B % �d�d� % B % � % �d�d� % � � .
Figure6.8: Estimatesobtainedwith harmonicmodelandwith REACT. We also
show the Ù andhow they havebeenshrunken.
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If Figure6.8 we show the fitted curve obtainedwith
Ûâ�^� B % B % �d�&� % B % � % �d�&� % � �

andusingREACT. In the first plot we show the coefficientsshrunken to 0 with
crosses.In thesecondÙ plot we show

Û Ù with crosses.Noticethatonly thefirst
few coefficientsof the transformationare“big”. Herearethe samepicturesfor
dataobtainedfor 6 consecutiveweekends.

Finally in Figure 6.9 we show the two fitted curves and comparethem to the
averageobtainedfrom observingmany daysof data.

Notice that using
Û � � B % B % B % B % � % �d�d� % � � reducesto a parametricmodel that
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Figure6.9: Comparisonof two fittedcurvesto theaverageobtainedfrom observ-
ing many daysof data.
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assumes
�

is asumof 4 cosinefunctions.

Any smootherwith a smoothingmatrix
�

that is a projection,e.g. linear regres-
sion,splines,canbeconsideraspecialcaseof whatwehavedescribedhere.

Choosingthetransformation
l

is animportantstepin theseprocedure.Thetheory
developedfor Waveletsmotivateachoiceof

l
thatis especiallygoodathandling

functions
�

thathave “discontinuities”.

6.4.3 Wavelets

Thefollowing plot show anuclearmagneticresonance(NMR) signal.

Thesignaldoesappearto have someaddednoisesowe coulduse(6.1) to model
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theprocess.However,
�"� 
�� appearsto have a peakat around
 �áãa��� makingit

notverysmoothat thatpoint.

Situationslikethesearewherewaveletsanalysesis especiallyusefulfor “smooth-
ing”. Now amoreappropriateword is “de-noising”.

The DiscreteWavelet Transformdefinesan orthogonalbasisjust like the DFT
andDCT. However the columnsof DWT are locally smooth. This meansthat
thecoefficientscanbe interpretedaslocal smoothnessof thesignalfor different
locations.

Herearethecolumnsof theHaarDWT, thesimplestwavelet.
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Notice that thesearestepfunction. However, thereareways(they involve com-
plicatedmathandnoclosedforms)to create“smoother”wavelets.Thefollowing
arethecolumnsof DWT usingtheDaubechieswavelets
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Thefollowing plot showsthecoefficientsof theDWT by smoothnesslevel andby
location:
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Usingwaveletwith shrinkageseemsto performbetteratde-noisingthansmooth-
ing splinesandloessasshown by thefollowing figure.

Thelastplot is whatthewaveletestimatelookslike for thetemperaturedata
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6.5 BayesianModel for Cubic Splines

Noticethattheabovedefinitioncanbeeasilyextendedto a Bayesianproblem:If
wedefineadistributionfor

�
, say .îí ��� � thenwemayconsidertheaverageriskï ¢ E ����� �ð 3,� �Å� � � � � .îí ��� �

asacriterion.

This followssection3.6in thebookby HastieandTibshirani.

Thecubicsmoothingsplinecanbederivedfrom anumberof Bayesianmodelsfor
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smoothing.Thedetailsarehard,but canbefoundin abookby Wahba.

Herewewill demonstratea fairly simpleexample.

Rememberwecanwrite any naturalcubicsplineasð � 
�� �UF/� 
�� G"�
Considerthefollowing Bayesianset-up:

Modelassumptions:Assumethedata
�

follow aGaussiandistribution � �VFHG % � � [ � � .
Prior assumptions:Assume

G
follows a multivariateGaussianprior distribution

with mean
�

andvariance
� � 'aL N W � .

it followsthattheposteriordistributionof
G

is multivariateGaussianwith mean

E
��G � � � � F/�PFQ$OF :ML N ��W � FQ$S�

which is thenaturalsmoothingsplineestimateof
G
.

6.6 Mixed Modelsand Splines

Mixedmodelsaredefinedby �>� ñÑò :Óó b :Jô
where

�
is a vectorof ) observablerandomvariables,

ò
is vectorof

+
unknown

parametershaving fixedvalues(fixedeffects),
ñ

and ó areknown matricesandb
and ô arevector, of length õ and ) , of unobservablevariables(randomeffects)

suchthatE
�Vb � � � andE

� ô-� �}� and

var ö b ô,÷ � ö´ø �� © ÷ � �
. Here © and ø areknown positivedefinitematricesand

� �
is apositiveconstant.
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Randomeffectsareespeciallyusefulto introducecorrelationto the randompart
of themodel.

Robinson(1991)describeshow thebestlinearunbiasedpredictorof
�

is a “good
thing”. Speed(1991)notesthatafterdefininganappropriate

ñ
, ó , and ø wehave

thatnaturalsmoothingareBLUPs.

Thesmoothingparameteris includedin the ø andonecanview it a “nuisance”
parameter. Robinson(1991)suggestsREML estimationasa way of “estimating”
thesmoothnessparameter. Speednotesthat this is equivalentto Wahba’s Gener-
alizedMaximumLikelihoodestimateof thesmoothingparameter.

Furthermore,this ideapermitsus to modelnestedcurvesin a naturalway. See
BrumbackandRice(1998).
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