Chapter 7

High DimensionalProblems

In obsenationalstudiesve usuallyhave obsenedpredictorsor covariatesX, Xo, . ..

andaresponseariableY. A scientistis interestedn therelationbetweerthe co-
variatesandtheresponsea statisticianrsummarizesherelationshipwith

EY|X1,...,X,) = f(X1,...,X,) (7.1)

Knowing the above expectatiorhelpsus

e understandhe procesgproducingY’
e assestherelative contribution of eachof the predictors

e predicttheY for somesetof valuesXj, ..., X,,.

Oneexampleis the air pollution andmortality data. The responsevariableY is
daily mortality counts. Covariatesthat are measuredre daily measurementsf
particulateair pollution X, temperatureX,, humidity X3, and otherpollutants
Xppe o X

Note: In this particularexamplewe canconsiderthe pastascovariates.GAM is
moreappropriatdor datafor which this doesnt happen.
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In this sectionwe will belooking atadiabeteslatasetwhich comedrom a study
of thefactorsaffectingpatternsn insulin-dependerdiabetesnellitusin children.
Theobjectvewasto investigatehedependencef thelevel of serumC-peptideon
variousotherfactorsin orderto understandhe patternsof residualinsulin secre-
tion. Theresponseneasurement¥ is the logarithmof C-peptideconcentration
(mol/ml) atdiagnosisandthe predictormeasuremeni@reageandbasedeficit, a
measuremerdf acidity.

A modelthathastheform of (7.1) andis oftenusedis
Y =f(Xy,...,X,) +e¢ (7.2)
with ¢ a randomerror with mean0 and variances? independenfrom all the

Xi,..., X,.

Usually we make a further assumptionthate is normally distributed. Now we
are not only sayingsomethingaboutthe relationshipbetweenthe responseand
covariatesbut alsoaboutthe distribution of Y.

Givensomedata,“estimating” f (z1, . . ., x,) canbe“hard”. Statisticiandike to
malke it easyassuminga linearregressiomrmodel

f(Xl,...,Xn):a+ﬂ1X1+...+ﬂpo

Thisis usefulbecausét

e isverysimple
e summarizeshe contribution of eachpredictorwith onecoeficient

e providesaneasywayto predictY for asetof covariatesXy, ..., X,,.

It is notcommonto have anobsenationalstudywith continuougredictorsvhere
thereis “science”justifying this model. In mary situationsit is more usefulto
let the data“say” what the regressionfunction is like. We may want to stay
awayfrom linearregressiorbecausé forceslinearity andwe maynever seewhat
f(zy,...,z,) isreallylike.
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In thediabetesexamplewe getthefollowing result:
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Sodoesthedataagreewith thefits? Let’'s seeif a“smoothed’versionof thedata
agreesvith thisresult.

But how do we smooth?Someof the smoothingproceduresve have discussed
may begeneralizedo casesvherewe have multiple covariates.

Therearewaysto definesplinessothatg : I ¢ R — R. We needto defineknots
in I C R? andrestrictionson the multiple partial derivative which s difficult but
canbedone.

It is mucheasierto generalizdoess. The only differenceis thatthereare mary
morepolynomialsto choosdrom: 3y, By + Bix, Bo + Bix + B2y, Bo + Birx + Boy +
Bszy, Bo + B + Poy + By + Baz’, etc...



86 CHAPTER?. HIGH DIMENSIONAL PROBLEMS

This is whatwe getwhenwe fit local planesanduse15% and 66% of the data.
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However, whenthe numberof covariatesis largerthan2 looking at small“balls”
aroundthetargetpointsbecomedlifficult.

Imaginewe have equallyspacediataandthateachcovariateis in [0, 1]. We want
to fit loessusing\ x 100% of thedatain thelocalfitting. If we have p covariates
andwe areforming p — dimensional cubestheneachsideof the cubemusthave
sizel determinedby i? = A. If A = .10 (soits supposedo be very local) and

p = 10 thenl = .10 = 8. Soit reallyisn’t local! Thisis known asthe curseof
dimensionality

7.1 Projection Pursuit

Onesolutionis projection-pursuitlt assumea modelof theform
p
FXy, X)) =) fi{ad X}
j=1

wherea’; X denotesaonedimensionaprojectionof thevector(Xy, ..., X,)" and
[f; is anarbitraryfunctionof this projection.

Themodelbuilds up theregressiorsurfaceby estimatingtheseunivariateregres-
sionsalongcarefully choserprojectionsdefinedby the .. Thusfor K = 1 and
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p = 2 theregressiorsurfacelookslike a corrugatecgsheetandis constantn the
directionsorthogonako .

If you don't seehow this solvesthe problemof dimensionality the next section
will helpyouunderstand.

7.2 Additi ve Models

Additive modelsare specificapplicationof projectionpursuit. They are more
usefulin scientificapplications.

In additve modelswe assumeéhattheresponses linearin the predictorseffects
andthat thereis an additive error This allows us to study the effect of each
predictorseparatelyThemodelis like (7.2) with

f(Xy, ., Xp) = ij(Xj)-

Noticethatthisis projectionpursuitwith the projection

Theassumptiommadehereis notasstrongasin linearregressionput its still quite
strong.It’ ssayingthatthe effectof eachcovariateis additive. In practicethis may
notmake sense.

Example:In the diabetesexampleconsideranadditve modelthatmodelslog(C-
peptide)in termsof age X; andbasedeficit X;. The additve modelassumes
thatfor two differentagesz; andz) the conditionalexpectationof Y (seenasa
randomvariabledependingn basedeficit):

E(Y[X: = 21, Xo) = fi(z1) + f2(X2)

and
E(Y|X, = 2, Xo) = fi(z}) + fa(Xa).
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This saythattheway C-peptidedepend®n basedeficit only variesby a constant
for differentages.It is not easyto disrggardthe possibility that this dependence
changesFor example,atolderageshe effect of high basedeficit canbe dramat-

ically bigger However, in practicewe have too make assumptiondik e thesein
orderto getsomekind of usefuldescriptionof the data.

Comparingthe non-additve smooth(seenabore) andthe additve modelsmooth
shownsthatit is notcompletelycrazyto assumedditivity.
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Noticethatin thefirst plotsthe curvesdefinedfor the differentagesaredifferent.
In thesecondlot they areall thesame.

How did we createthis lastplot? How did we fit the additive surface.We needto
estimatef; and f,. We will seethisin thenext section.

Noticethatoneof theadvantage®f additve modelis thatnomatterthedimension
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of thecovariatesve know whatthesurfacef (X, . . ., X,) islike by draving each
f;(X;) separately
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7.2.1 Fitting Additi ve Models: The Backfitting Algorithm

Conditionalexpectationgrovide a simpleintuitive motivationfor the backfitting
algorithm.

If theadditve modelis correctthenfor ary &

E(Y—a—ij(Xj)

i#k

This suggesaniterative algorithmfor computingall the f;.

Why? Let’s saywe have estimatesf;, ..., f,_; andwe think they are “good”
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estimatesn thesensehatE{ f;(X;) — f;(X;)} is “closeto 0". Thenwe have that
1

=

E(Y—&— £i(X;)

j=1

XP) ~ fP(X;D)

This meandghatthepartialresidualg =Y — & — Zg;i £i(X;)
& ~ fp(Xip) + 6

with the §; approximatelfID mean0 independenof the X,’s. We have already
discussedrarious “smoothing” techniquedor estimatingf, in a model as the
above.

Oncewe choosewhat type of smoothingtechniquewe are using for eachco-
variate,say its definedby S;(-), we obtainan estimatefor our additive model
following thesesteps

1. Definef; = {f;(x1),- .., f;(zn;)} forall j.
2. Initialize: o® = ave(y;), f;o) = linearestimate.
3. Cycleoverj=1,...,p

£ =, (y —al® =3 f0

ki

)

4. Continuepreviousstepuntil functions‘don’t change” for exampleuntil

(n) _ gln—1)

max )

J

with ¢ isthesmalleshumberrecognizedy yourcomputerin my computer
usingS-Plusits:

. Machi ne$doubl e. eps = 2. 220446e- 16

Thingsto think about:

Why is this algorithmvalid? Is it the solutionto someminimizationcriterion?Its
notMLE or LS.
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7.2.2 Justifying the backfitting algorithm

Thebackfittingalgorithmseemgo make senseWe cansaythatwe have givenan
intuitive justification.

However statisticiansusuallylik e to have morethanthis. In mostcaseswve can
find a “rigorous” justification. In mary caseghe assumptionsnadefor the “rig-

orous”justificationstoo work are carefully chosersothatwe getthe answemwe
want, in this casethatthe back-fittingalgorithm“converges”to the “correct” an-
swer

In the GAM book, H&T find threewaysto justify it: Finding projectionsin L?

function spacesminimizing certaincriterion with solutionsfrom reproducing-
kernelHilbert spacesandasthe solutionto penalizedeastsquaresWe will look

atthislastone.

We extendtheideaof penalizedeastsquaredy consideringhe following crite-
rion

> {?Ji - ij(xij)} + Z/\j /{f}'(t)}2 dt

=1

overall p-tuplesof functions(fi, ..., f,) thataretwice differentiable.

As beforewe can shav that the solutionto this problemis a p-tuple of cubic
splineswith knots“at thedata”,thuswe mayrewrite the criterionas

P ! p p
(y -3 fj) (y - ij> +) MK
j=1 j=1 j=1

wherethe K ;s arepenaltymatricesfor eachpredictordefinedanalogouslyto the
K of section3.3.

If we differentiatethe above equationwith respectto the function f; we obtain
—2(y = X, f) + 2),K;f; = 0. Thef;’s that solve the above equationmust
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satisfy:
f; = (I+\K;) (y - Zﬂ) J=1,...,p
k#j

If we definethe smootheroperatorS; = (I+ )\;K;)~' we canwrite out this
eguationn matrix notationas

I Sl Ce Sl f1 Sly
SQ I ... 82 f2 SQY
S, S, ... I £ S,y

Oneway to solve this equations to usethe Gauss-Seidelgorithmwhichin turn
Is equialentto solvingthe back-fittingalgorithm. SeeBuja, Hastie& Tibshirani
(1989)Ann. Stat.17,435-5550r details.

Remembethatthatfor any setof linearsmoother

A

fj = S]‘y

we canarguein reversethatit minimizessomepenalizedeastsquare<riteria of
theform
(Y= D 6 -D 5+ £S5 - D
j j j

andconcludethatit is the solutionto somepenalizedeastsquaregroblem.

7.2.3 Standard Err or

Whenusinggan() in S-Pluswe getpoint-wisestandarcerrors. How arethese
obtained?

Notice that our estimated; areno longerof the form S,y sincewe have useda
complicatedbackfitting algorithm. However, at corvergencewe can expressfj
asR;y for somen x n matrixR;. In practicethis R; is obtainedfrom the last
calculationof thefj’s but finding a closedform is rarely possible.
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Waysof constructingconfidencesetsis not straightforward, and (to the bestof
my knowledge)is anopenareaof research.
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7.3 ClassificationAlgorithms and RegressionTrees

Thisis from thebookby Breimanet. al.

At the university of California, SanDiego Medical Centey whena heartattack
patientis admitted,19 variablesaremeasuredluringthefirst 24 hours. They in-
cludeBP, ageand17 otherbinary covariatessummarizinghe medicalsymptoms

CHAPTER?. HIGH DIMENSIONAL PROBLEMS

considerecisimportantindicatorsof the patients condition.

The goal of a medicalstudy can be to develop a methodto identify high risk

patientson the basisof theinitial 24-hourdata.

The next figure shaws a picture of a tree structuredclassificationrule that was
producedn the study The letter F meansno high andthe letter G meanshigh

risk.
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How canwe usedatato constructreeshatgive ususefulanswersThereis alarge
amountof work donein this type of problem.We will give a brief descriptionin
this section.

7.3.1 ClassifiersasPartitions

Supposeave have a catgyoricaloutcomey € C = {1,2,...,J}. WecallC theset
of classesDenotewith X’ thespaceof all possiblecovariates.

We candefinea classificationrule asa function d(x) definedon X" so that for
everyx, d(x) is equalto oneof thenumberdl, ..., J.

This could be considered systematiavay of predictingclassmembershigrom
thecovariates.

Anotherway to defineclassifiersis to partition X' into disjoint setsA,, ..., A;
with d(x) = j forall x € A;.

But how do we constructheseclassifierdrom data?

7.3.2 What is truth?

We are now going to describehow to constructclassificationrules from data.
The datawe useto constructthe treeis calledthe training set £ whichis simply

{(X1,j1), ) (Xna]n)}

Oncea classificatiorrule d(X) is constructedhow do we defineit’ saccurag?
In this sectionwe will definethetrue misclassificatiomate R*(d).

Onewayto estimateR?*(d) is to drawv anothewery large subse(virtually infinite)
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from thesamepopulationasL andobsenretherateof correctclassificatiorin that
set. Theproportionmisclassifiedy d is our estimateof R*(d).

To malke this definition more precise,definethe spaceX x C asthe setof all
couples(x, j) wherex € X andj € C. Let Pr(A, j) beaprobabilitydistribution
onX x C. Assumeeachelemenbf L is aniid outcomefrom this distribution.

We definethe misclassificatiomateas
R*(d) = Pr[d(x) # j|£] (7.3)

with (x, j) anoutcomendependenof L.
How do we obtainanestimateof this?

The substitutionestimatesimply countshow mary timeswe areright with the
datawe have,i.e.

N
1
R(d) = 5 > Latx)in
n=1

The problemwith this estimateis that most classificationalgorithmsconstruct
d trying to minimize the above equation. If we have enoughcovariateswe can
definearulethatalwayshasd(x,) = j, andrandomlyallocatesary otherx. This
hasan R(d) = 0 but onecanseethat,in general R*(d) will bemuchbigger

Anotherpopularapproactis the testsampleestimate.Herewe divide the datal
into two groups; and£,. We thenuse£; to defined and L, to estimateR*(d)
with .
R(d) = N, D Lagen)in
Xn€L2

with N, thesizeof £,. A popularchoicefor N, is 1/3of N, thesizeof L.

A problemwith this proceduras thatwe don't usel/3 of thedatawhenconstruct-
ing d. In situationswhereN is very largethis maynot be sucha big problem.

The third approachis crossvalidation. We divide the datainto mary subsets
of equal(or approximatelyequal)size L4, . .. Ly, definea d, for eachof these
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groups,andusetheestimate

1%
R(d) = %Z Ni D Late) -
v=1

v Xn €LY

7.3.3 BayesRule

Themajorguidethathasbeenusedin the constructiorof classifierss theconcept
of theBayesrule. A Bayesruleis thedp for which

Prlds(x) # j) < Prld(x) # y).
for all classificatiorrulesd(x).

If we assumehatPr(A|j) hasaprobabilitydensityf;(x) suchthat

Pr(Al) = [ () da
thenwe canshow that
dp(x) = j ONA; = {x; f;(x) Pr(j) = max fy(x) Pr(j)}.

Discriminantanalysiskerneldensityestimationandk-th nearesheighborsmooth-
ing attemptto estimatef;(x) andPr(j) in orderto estimatethe Bayesrule. They
make mary assumptionsothe methodsarenot alwaysuseful.

7.3.4 Constructing tr eeclassifiers

Notice how big the spaceof all possibleclassifierss. In the simplecasewhere
X = {0, 1}? thisspacehas2? elements.

Binary treesare a specialcaseof this partition. Binary treesare constructedy
repeatedplitsof thesubset®f X" into two descendargubsetsbeginningwith X
itself.
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As Xo

Thesubsetgreatedoy thesplitsarecallednodes The subsetsvhich arenot split
arecalledterminalnodes.

Eachterminalnodesgetsassignedo oneof the classes.Soif we had3 classes
we couldgetA; = X5 U Xy, A, = Xy andA; = X, U A;. If we areusingthe

datawe assigrnthe classmostfrequentlyfoundin thatsubsebf X'. We call these
classificatiortress.

Variousquestionstill remainto beanswered

e How dowe definetruth?

e How dowe constructhetreesfrom data?
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e How dowe assessrees,.e. whatmakesagoodtree?

The first problemin tree constructionis how to use £ to determinethe binary
splitsof X into smallerandsmallerpieces.Thefundamentaildeais to selecteach
split of asubsesothatthedatain eachof thedescendargubsetsare“purer” than
thedatain the parentsubset.

This canbeimplementedn thefollowing way

¢ Definethe nodeproportionsp(j|t) to be the proportionof casesx,, € t¢
belongingto classj sothat)_, p(jlt) = 1.

e Definea measureof impurity i(¢) asa nonn@ative function ¢ suchthatit
reachests maximumat ¢(1/n,...,1/n), ¢(1,0,...,0) = 0, andis sym-
metricwith respecto its entries.

A popularexampleis theentroyy

J

i(t) == p(ilt)logp(j|t),

j=1
but therearemary otherchoices.

e DefineasetS of binarysplits s at eachnode. Thenwe chosethe split that
minimizetheimpurity of thenew left andright nodes

Ai(s,) = i(t) — pri(t) + pri(tz)

Thereare mary differentpossiblesplits. For continuousvariablesthereare an
infinite amount.We needto definethe setof splitsS thatwe consider

Mostimplementationsequirethatthethesplitsaredefinedby only onecovariate,
but fancierversiongpermitthe useof linearcombinations.

If the covariateis continuousor orderedthenthe split mustbe definedby = < ¢
andx > c.
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If thecovariateis categyoricalthenwe simply consideall splitsthatdivide original
setinto two.

Now all we needis a stoppingrule andwe arereadyto createtrees. A simple
stoppingruleis thatAi(s, t) < 4, but this doesnotwork well in practice.

Whatis usuallydoneis thatwe let thetreesgrow to a sizethatis biggerthanwhat
we think makessenseandthenprune.We remove nodeby nodeandcomparehe
treesusingestimate®f R*(d).

Sometimeso saretimeand/orchoosesmallertreeswe defineapenalizedriterion
basedn R*(d).
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The big issuehereis modelselection The modelselectionproblemconsistsof
four orthogonakomponents.

1. Selectaspaceof models
2. Searchthroughmodelspace
3. Comparamodels

e of thesamesize
o of differentsizes(penalizecomplity)

4. Assesgheperformancef aprocedure

Important points:

e Component? and3 areoftenconfusede.g.,in stepwisagegression) That’s
bad.

e Peopleoftenforgetcomponent.

e Peoplealmostalwaysignorecomponend; it canbethehardest.

Bettertreesmay be foundby doinga one-steglook ahead, but this comeswith
the costof agreatincreasen computation.

7.3.5 RegressionTrees

If insteadof classificationwe are interestedn predictingwe canassigna pre-

dictive valueto eachof the terminalnodes. Notice that this definesan estimate
for the regressiorfunction E(Y'| Xy, ..., X,,) thatis like a multidimensionabin

smootherWe call theseregressiortrees.
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Regressiortreesareconstructedn a similar way to classificatiortrees. They are
usedfor thecasewhereY is acontinuousandomvariable.

A regressiortreepartitionsz-spaceanto disjoint regions A, andprovidesa fitted
valueE(y|z € Ax) within eachregion.

51 26

In otherwords,thisis adecisiontreewherethe outcomes afitted valuefor y.

We needa new definitiond(x) and R*(d).

Now d(x;) will simplybetheaverageof theterminalnodewherex; lies. Sod(x)
definesa step-functiorR? — R.
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Insteadof misclassificatiomate,we candefinemeansquarecerror

R*(d) = E[Y — d(x)]*

Therestis prettymuchthesame.

7.3.6 Generalpoints

FromKarl Bromans notes.

e Thisis mostnaturalwhenthe explanatoryvariablesare cateyorical (andit
is especiallynicewhenthey arebinary).

e Thereis nothingspecialaboutthe treestructure...théreejust partitionsz-
spacewith afitted valuein eachregion.

e Advantage Thesemodelsgo afterinteractionsimmediatelyratherthanas
anafterthought.

e Advantage Treescanbeeasyto explainto non-statisticians.
e Disadvantage Tree-spacés huge,sowe mayneeda lot of data.
e Disadvantage It canbehardto assessincertaintyin inferenceabouttrees.

e Disadvantage Theresultscanbequitevariable.(Treeselections notvery
stable)

e Disadvantage Actual additivity becomesa messin a binary tree. This
problemis somavhatalleviatedby allowing splits of theform z; + bz, <
(>) d.

Computing with trees

R:library(tree);library(rpart) [MASS,ch10]



104 CHAPTER?. HIGH DIMENSIONAL PROBLEMS
An important issue Storingtrees
Binarytreesarecomposeaf nodeqrootnode internalnodesandterminalnodes).
Rootandinternalnodes

e Splittingrule (variable+ whatgoesto right)

e Link to left andright daughtenodes

e Possiblyalink to theparentnode(null if thisis therootnode)

Terminalnodes

e Fittedvalue

e Possiblyalink to theparentnode

C: Usepointersandstructuregst r uct )
R: It beatsme. Take alook.

Ref: Breimanetal (1984)Classificatiorandregressiortrees.Wadswvorth.



