Chapter 8

GeneralizedModels

What happendf the responséas not continuous? This the sameproblemthat
motivatedthe extensionof linearmodelsto generalizedinearmodels(GLM).

In thisChaptemewill discussswo methodbasednalikelihoodapproactsimlar
to GLMs.

8.1 GeneralizedAdditi ve Models

We extendadditive modelsto generalizecdditive modelsin a similarway to the
extensionof linearmodelsto generalizedinearmodels.

SayY hasconditionaldistributionfrom anexponentiafamily andthe conditional
meanof therespons& (Y| X1, ..., X,) = u(X3, ..., X,) isrelatedto anadditive
modelthroughsomelink functions

gfmt =mi=a+)_ fi(z)

i=1
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with p; theconditionalexpectatiorof Y; givenz;q, . . ., z;,. Thismotivatestheuse
of thelRLS proceduraisedfor GLMs butincorporatinghebackfittingalgorithms
usedfor estimationn Additive Models.

As seenfor GLM the estimationtechniquds againmotivatedby the approxima-
tion: 5

Y . Pppp— . 771:

9(yi) = g(p) + (vi uz)am

This motivatesa weightedregressiorsettingof theform

p

ZZ':Oé-i-ij(.Tij)-i-gi,’l::l,...,n

Jj=1

with thees, theworking residualsindependentvith E(s;) = 0 and

2
) == ()

whereV; is thevarianceof V;.

The procedurefor estimatingthe function f;s is calledthe local scoring proce-
dure:

1. Initialize: Findinitial valuesfor our estimate:

oo (Sufn) 0 = s 0
i=1

2. Update:

e Construcanadjusteddependentariable

(0) ) ( O
i — 1); + (Y — i a
zi =1 (yi — 1) <8ui>0

with 7" = a® + 377_, 1% () andp” = g7 (n")
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e Constructwveights:

opi\* o)
w; = % V;-O -1
<a77i>0( )

e Fit aweightedadditve modelto z;, to obtainestimatedunctionsffl),
additive predictorn(") andfitted valuesy{".
Keepin mind whatalfit is.... f.

e Computethe convergencecriteria

1 0
Y = £
- 0

P A2

, thelengthof thevectorof evalua-

A, 1)

¢ A naturalcandidatdor ||f|| is ||f
tionsof f atthen samplepoints.

3. Repeapreviousstepreplacingy® by n™ until A(n™, ) is belov some
smallthreshold.

8.1.1 PenalizedLik elihood

How do we justify thelocal scoringalgorithm?Oneway is to minimize a penal-
izedlik elihoodcriterion.

Givenageneralizecgdditive modellet
p
N =+ ij(ﬂ?z'j)
Jj=1
andconsidetthelikelihood!(fi, ..., f,) asafunctionn = (n1,...,n,)".

Considethefollowing optimizationproblem:Overp-tuplesof functionsf, ... ., f,
with continuoudirst andsecondlerivativesandintegrablesecondlervativesfind
onethatminimizes

P fy) =109) = 3 o [{5 @) da
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where); > 0,7 = 1,...,p aresmoothingparameters.

Again we canshawv thatthe solutionis anadditive cubic splinewith knotsat the
uniquevaluesof thecovariates.

In orderto find thefs thatmaximizethis penalizedik elihoodwe needsomeopti-
mizationalgorithm.We will shav thatthe Newton-Raphsomlgorithmis equva-
lentto thelocal-scoringprocedure.

As beforewe canwrite thecriterionas:

1o, .
iy, 5) =1(n,y) - 5 > NEKf;.
j=1

In orderto useNewton-Raphsomve letu = 91/0n andA = —§%1/0n?. Thefirst
stepis thentakingderivativesandsolvingthe scoreequations:

A + )\1K1 A e A fll - f{) u— )\1K1f{)
A A + )\2K2 A f21 — fg u— )\1K1fg
A A L AFMK, )\ u— MK

whereboth A andu areevaluatedat’. In theexponentiaffamily with canonical
family, theentriesn theabove matricesareof simpleform, for examplethematrix
A is diagonalwith diagonalelementsu;; = (du;/0n;)?Vi .

To simplify this further weletz = ° + A~'u, andS; = (A + \;K;)7'A, a
weightedcubic smoothing-splin@perator Thenwe canwrite

I S, ... S f} Sz
82 I SQ f21 SQZ

S, S, ... I f! S,z
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Finally we maywrite thisas

fi Si(z - Zj;él fjl)
f; . So(z — Zj;ﬁZ fjl)
fz} Sp(z — Z#p fjl)

Thusthe Newton-Raphsomupdatesarean additve modelfit; in factthey solve a
weightedandpenalizedjuadraticriterionwhichis thelocalapproximatiorio the
penalizedog-likelihood.

Note: ary linear smoothercanbe viewed asthe solutionto somepenalizedik e-
lihood. Sowe canset-upto penalizedik elihoodcriterion so thatthe solutionis
whatwe wantit to be.

This algorithmconvergeswith ary linearsmoother

8.1.2 Inference

Deviance

Thedevianceor likelihood-ratiostatistic,for afitted modelz is definedby

D(y; i) = 2{l(Knaz; y) — 1Hit)}

wherep,, ... is the parametewaluethatmaximizes/(f) overall p (the saturated
model). We sometimesunambiguouslyuse# asthe agumentof the deviance
ratherthan .

Remembefor GLM if we have two linearmodelsdefinedby n; nestedwithin 7,
thenunderappropriateegularity conditions andassumingy, is correct,D(7jy; 1) =
D(y; 1) — D(y; 12) hasasymptoticy? distributionwith degreesof freedomequal
to the differencein degreesof freedomof the two models. This resultis used
extensvely in theanalysisof deviancetablesetc...
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For non-parametrigve canstill computedevianceandit still makessensdo com-
parethedevianceobtainedor differentmodels.However, theasymptotiapprox-
imationsareundeseloped.

H&T presenteuristicagumentgor thenon-parametricase.

Standard errors

Eachstepof the local scoringalgorithmconsistsof a backfittingloop appliedto
the adjusteddependenvariablesz with weightsA given by the estimatednfor-
mationmatrix. If R is theweightedadditive fit operatoythenatcorvergence

7 =R(+A™f)
= Rz,

whereu = 0l/07n. Theideais to approximatez by anasymptoticallyequivalent
quantityz,. We will not be preciseandwrite ~ meaningasymptoticallyequva-
lent.

Expandingi to first orderaboutthetruen,, we getz = z, + Aj 'ug, which has
meann, andvarianceA, ‘¢ ~ A¢.

Remembefor additive modelswe hadthefitted predictorn = Ry wherey has
covariances?1. Here#; = Rz, andz hasasymptoticcovarianceA,'. R is nota
linearoperatordueto its dependencen j; andthusy throughtheweights,sowe
needto useits asymptotioversionR,, aswell. We thereforehave

cov(f) ~ RgA;'Rjp ~ RA™'R/¢

Similarly )
COV(fj) ~ R]A_1R9¢

whereR; is the matrix thatproduced; from z.

Undersomeregularity conditionswe canfurther shav that & is asymptotically
normal,andthis permitsusto constructtonfidencentervals.
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8.1.3 Degreesof freedom

Previously we describechow we definedthe degreesof freedomof theresiduals
asthe expectedvalueof the residualsumof squares.The analogougjuantityin
generalizednodelsis the deviance. We thereforeusethe expectedvalue of the
devianceto definetherelative degrees of freedom.

We don't know the exact or asymptoticdistribution of the devianceso we need
someapproximatiorthatwill permitusto getanapproximatexpectedvalue.

UsingasecondrderTaylor approximationwe have that

E[D(y; )] ~ El(y — o)A (y — i1)]
with A theHessiammatrixdefinedabore. We now write thisin termsof the“linear
terms”.

Elly —)'Aly — &)~ (z = 7)'A(z — )
andwe canshaw thatthisimpliesthatif themodelis unbiased
E(D) =df¢
with
df =n—tr(2R—R'ARA™)

This givesthedegreesof freedomfor thewholemodelnotfor eachsmootherWe
canobtainthedfs for eachsmootheiby addingthemoneatatime andobtaining

E[D(’f]Q, ’fh)] ~ tr(2R1 — RllAlRlAfl) — tl’(2R2 — RIQAQRQAEI)

In generalthe crudeapproximationif; = tr(S;) is used.

8.1.4 An Example

The kyphosisdataframehas81 rows representinglataon 81 childrenwho have
hadcorrectve spinalsuigery The binary outcomeKyphosisindicatesthe pres-
enceor absencef a postoperatie deformity (calledKyphosis). The otherthree
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variablesare Age in months,Number of vertebrainvolvedin the operationand
thebegginningof therangeof vertebraenvolved(Start ).

Using GLM thesearetheresultswe obtain

Value  Std. Error t value

(Intercept) -1.213433077 1.230078549 -0.986468
Age 0.005978783 0.005491152 1.088803
Number 0.298127803 0.176948601 1.684827

Start -0.198160722 0.065463582 -3.027038

Null Deviance: 86.80381 on 82 degrees of freedom

Residual Deviance: 65.01627 on 79 degrees of freedom

T T T T T T T T T T T T T T T
0 5 10 15 20 2 4 6 8 10 12 14 5 10 15
Age/12 Number Start

The dottedlines aresmoothsof the residuals.This doesnot appearto be a very
goodfit.

We maybeableto modify it a bit, by choosinga bettermodelthana sumof lines.
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We'll usesmoothingandGAM to seewhat“the datasays”.

Herearesomesmoothversionof thedata:

04£.200.0.0.8.8

R es
RS
et tT s eSS
‘:‘\1‘3\‘\\\“

15
B

Start
10

0 50 100 150 200 250

And herearethegamresults:

Null Deviance: 86.80381 on 82 degrees of freedom

Residual Deviance: 42.74212 on 70.20851 degrees of freedom

Number of Local Scoring Iterations: 7
DF for Terms and Chi-squares  for Nonparametric Effects

Df Npar Df Npar Chisq P(Chi)

(Intercept) 1
s(Age) 1 2.9 6.382833 0.0874180
s(Start) 1 2.9 5.758407 0.1168511
s(Number) 1 3.0 4.398065 0.2200849
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Noticethatit is a muchbetterfit andnot mary more degreesof freedom. Also
noticethatthetestsfor linearity arecloseto “rejectionatthe 0.05level”.

We caneitherbe happy consideringheseplots asdescriptionsf the data,or we
canuseit to inspirea parametrianodel:

Beforedoing so, we decidenot to include Numberbecuaset seemdo be asso-
ciatedwith “Start” andnot addingmuchto thefit. This andotherconsiderations

suggestve notincludeNumber . Thegamplotssuggesthefollowing “paramet-
ric” model.

gim2 <- glm(Kyphosis™poly(Age,2) + I((Start > 12) * (Start
family=binomial)

Herearetheresultsof thisfit... muchbetterthanthe original GLM fit.

Coefficients:
Value Std. Error

- 12)),

t value
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(Intercept) -0.5421608 0.4172229 -1.2994512
poly(Age, 2)1 2.3659699 4.1164283 0.5747628
poly(Age, 2)2 -10.5250479 5.2840926 -1.9918364
I((Start > 12) * (Start - 12)) -1.3840765 0.5145248 -2.6900094
(Dispersion Parameter for Binomial family taken to be 1)
Null Deviance: 86.80381 on 82 degrees of freedom

Residual Deviance: 56.07235 on 79 degrees of freedom

Number of Fisher Scoring Iterations: 6

Herearetheresidualplots:

poly(Age, 2)

I((Start > 12) * (Start - 12))

-10

1 A AT T 1]
0 50 100 150 200 250 5 10 15

Age Start

8.1.5 Prediction using GAM

Oftenwe wish to evaluatethe fitted modelat somenew values.
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With parametricmodelsthis is simple becauseall we do is form a new design
matrixandmultiply by the estimategparameters.

Someof the functionsusedto createdesignmatricesin Im, glm a andgamare
datadependentFor examplebs() , poly() , make somestandardizationf the
covariatebeforefitting andthereforenew covariateswould changethe meaning
of theparameters.

As anexamplelook atwhathappensvhenwe predictfitted valuesfor new values
of AGE in the Kyphosisexampleusingpredict()

Thesolutionis to usepredict.gam() thattakesthisinto account

predict predict.gam

N PN

0.6
0.6

binomial()$inverse(aux2[, 1])
0.4
binomial()$inverse(aux1[, 1])
0.4

0.2

0.2

——

0.0

0 5 10 15 20 25 30 0 5 10 15 20 25 30

pAge/12 pAge/12

predict.gam is especiallyusefulwhenwe wantto make surfaceplots. For
example:
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8.1.6 Over-interpreting additive fits

Oneof theadwantage®f GAM is their flexibility . However, becaus®f this flexi-
bility we have to be carefulnotto “over-fit” andinterprettheresultsincorrectly

Binary datais especiallysensitve. We constructa simulatedexampleto seethis.
Thefollowing figure shavs thefunctionalcomponents; and f; of a GAM

with U andV independentiniform(0,1).

1.0

etal(u0)[o]
-0.5
eta2(v0)[o]
0.0

-1.5
-1.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

u0[o] vO[o]

etal(u)[o]
eta2(v)[o]
1

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 1.0

ufo] v[o]

We alsoshow the“smooths”obtainedor adatasetof 2500bsenationsandadata
setof 50 obsenrations.Noticehow “bad” thesecondit is.
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If wemalkeaplotof themeanu(u, v) andof it' sestimatave seewhy thishappens.
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We have relatively large neighborhood®f [0,1] x [0, 1] thatcontainonly 1s or
only Os. The estimatesn theseregionswill have linear partcloseto infinity and
minusinfinity!

Oneway to detectthiswhenwe don't know “the truth” is to look atthe estimates
with standarcerrorsandpartialresiduals.If the partialresidualdollow thefit to
closelyandthe standarcerrors‘explode” we know somethings wrong.

=4)
=4)

s(u0, df
s(vO, df

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

uo vO

= 4)
=4)
2

s(u, df
s(v, df

-15

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 1.0
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8.2 Local Lik elihood

Supposeve have independenbbsenrations {(xi, v1), - - ., (Xn, yn) } thatarethe
realizationof a response@andomvariableY givena P x 1 covariatevectorx
which we considerto be known. Giventhe covariatex, theresponsevariableY
follows a parametridistribution Y ~ ¢(y; #) whered is a functionof x. We are
interestedn estimating) usingtheobsereddata.

Thelog-likelihoodfunctioncanbewritten as
10y, ,0,) = logg(yi; 6:) (8.1)
i=1

wheref; = s(x;). A standardnodelingprocedurevould assumea parsimonious
form for the 6;s, say6d;, = x.3, B a P x 1 parametenvector In this casethe
log-likelihood (6, .. .,#,) would be a function of the parameter3 that could
be estimatedby maximumlikelihood, thatis by finding the 3 that maximizes

161,...,0,).

The local likelihood approachis basedon a more generalassumptionnamely
that s(x) is a “smooth” function of the covariatex. Without more restrictve
assumptionsthe maximumlikelihoodestimateof 8 = {s(x;),..., s(x,)} isno
longer useful becauseof overfitting. Notice for examplethat for the caseof
regressiorwith all thex;s distinctthemaximumlik elihoodestimatevould simply
reproducdhedata.

Supposewe are interestedn estimatingonly 6, = 6(x,) for a fixed covariate
valuex,. Thelocallik elihoodestimatiorapproachs to assumehatthereis some
neighborhoodV, of covariatesthat are “close” enoughto x, suchthatthe data
{(xi,4:); x; € Ny} containinformationaboutf, throughsomelink functionn of
theform

o = s(xo) =n(x0,8) and (8.2)
01' = S(XZ’) ~ ’I](XZ', ,8), for x; € Ny. (83)
Notice that we are alusing notationheresincewe are consideringa different3

for everyx,. Throughouthework we will beactingasif 6, is theonly parameter
of interestandthereforenotindexing variableghatdependn the choiceof x,.
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Thelocal likelihoodestimateof 4, is obtainedby assuminghat, for datain N,
thetruedistribution of thedata,g(y;; ;) is approximatedy

f(yisxi, B) = g(ys; n(xi, B)), (8.4)
findingtheB maximizeshelocallog-likelihoodequation
h(B) =) w;log f(y:;B), (8.5)
xX; ENo

andthenusingEquation(8.2) to obtainthe local likelihoodestimated,. Herew;
is a weight coeficient relatedto the “distance”betweenx, andx;. In orderto
obtaina usefulestimateof 4,, we needg to be of “small” enoughdimensionso
thatwe fit a parsimoniousnodelwithin N.

HastieandTibshirani(1987)discusshecasenherethecovariatex is arealvalued
scalarandthelink functionis linear

n(zi, B) = Bo + i1

Noticethatin this casetheassumptiorbeingmadeis thatthe parametefunction
s(z;) is approximatelylinear within “small” neighborhood®f z, i.e. locally
linear

Stanisvalis (1989) presentsa similar approach. In this casethe covariatex is
allowedto beavector andthelink functionis a constant

U(Xia ﬂ) = ﬂ

The assumptiorbeingmadehereis that the parametefunction s(z;) is locally
constant.

If we assumesa densityfunctionof theform

log g(yi; 0;) = C + (yi — 0:;)*/ & (8.6)

where K and¢ areconstantshatdo notdependon thed;s, local regressiormay
be considered specialcaseof local likelihoodestimation.
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Notice thatin this casethe local likelihoodestimates goingto be equialentto
the estimateobtainedby minimizing a sumof squaresquation. The approach
in Cleveland(1979)andClevelandandDevlin (1988)is to considerarealvalued
covariateandthe polynomiallink function

d
n(xi,8) =Y _alp;
§=0

In generaltheapproacthof local likelihoodestimationjncludingthethreeabove-
mentionedexamplesjs to assumehatfor “small” neighborhoodaroundx,, the
distribution of the datais approximatedy a distribution thatdependsn a con-
stantparamete3(x,), i.e. we have locally parsimoniousnodels.This allows us
to usethe usualestimationtechniqueof maximumlik elihood. However, in the
local versionof maximumlik elihoodwe oftenhave ana priori belief that points
“closer” to x, containmoreinformationaboutf,, which suggest weightedap-
proach.

The asymptotictheorypresentedn, for example,Stanisvalis (1989)andLoader
(1986) is developedunderthe assumptiorthat as the size (or radius)of some
neighborhooaf thecovariateof interestx, tendsto 0, thedifferencebetweerthe
true andapproximatingdistributionswithin suchneighborhoodecomesegligi-
ble. Furthermorewe assumehatdespitethefactthatthe neighborhoodbecome
arbitrarily small,thenumberof datapointsin theneighborhoodomeha tendsto
oo. Theideais that,asymptoticallythebehaior of thedatawithin a givenneigh-
borhood,s like the oneassumedn classicalasymptoticheoryfor non-11D data:
The small window size assurethat the differencebetweenthe true and approx-
imating modelsis negligible andthe large numberof independenbbsenrations
is availableto estimatea parametepof fixed dimensionthat completelyspecifies
thejoint distribution. This concepimotivatestheapproachakenin thefollowing
sectiondo derive amodelselectiorcriteria.
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