
Chapter 8

GeneralizedModels

What happensif the responseis not continuous? This the sameproblemthat
motivatedtheextensionof linearmodelsto generalizedlinearmodels(GLM).

In thisChapterwewill discussstwo methodbasedonalikelihoodapproachsimlar
to GLMs.

8.1 GeneralizedAdditi veModels

We extendadditivemodelsto generalizedadditivemodelsin a similarway to the
extensionof linearmodelsto generalizedlinearmodels.

Say
�

hasconditionaldistributionfrom anexponentialfamily andtheconditional
meanof theresponse��� ��� ���
	������
	��������� � ����	�������	����� is relatedto anadditive
modelthroughsomelink functions��� ����� �"!#�$�&%�' �( ) * �,+ ) �.- � ) �

105



106 CHAPTER8. GENERALIZEDMODELS

with
���

theconditionalexpectationof
�/�

given - �0�
	�������	 - �1� . Thismotivatestheuse
of theIRLSprocedureusedfor GLMsbut incorporatingthebackfittingalgorithms
usedfor estimationin AdditiveModels.

As seenfor GLM theestimationtechniqueis againmotivatedby theapproxima-
tion: � �.2 �3��4 � � �$�.�,' �52 �/67�$�.�98 !#�8 �$�
Thismotivatesaweightedregressionsettingof theform: �$�&%�' �( ) * �,+ ) �.- � ) �,'<;��=	/>?�A@B	������
	DC
with the

;
s, theworking residuals,independentwith E � ;��E���&F and

var� ;��.���"G�H �� �JI 8 !��8 �$�LKNM�O �
where O � is thevarianceof

�/�
.

The procedurefor estimatingthe function + ) s is calledthe local scoring proce-
dure:

1. Initialize: Find initial valuesfor ourestimate:%QPSRUTV� �XWZY( � * � 2 �E[#C$\^] + P_RUT� �`�����a	 + P_RUT� �"F
2. Update:b

Constructanadjusteddependentvariable: �$��! PSRUT� ' �52 �c6d� P_RUT� � I 8 !#�8 �$� K R
with

! P_RUT� �&% P_RUT 'fe �) * � + P_RUT) �.- � ) � and
� P_RUT� � � H � � ! P_RUT� �
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Constructweights: Gg�$� I 8 ���8 !�� K MR �hO P_RUT� �LH �b
Fit aweightedadditivemodelto : � , to obtainestimatedfunctions+ P � T) ,

additivepredictor
! P � T

andfittedvalues
� P � T�

.

Keepin mindwhatafit is.... ij .b
Computetheconvergencecriteriak � ! P � T 	D! PSRUT ��� e � ) * � �l� + P � T) 6 + PSRUT) �l�e � ) * � �0� + PSRUT) �l�b
A naturalcandidatefor

�l� + �l� is �l� j �l� , thelengthof thevectorof evalua-
tionsof + at the

C
samplepoints.

3. Repeatpreviousstepreplacing
! PSRUT

by
! P � T

until
k � ! P � T 	! PSRUT � is below some

smallthreshold.

8.1.1 PenalizedLik elihood

How do we justify thelocal scoringalgorithm?Oneway is to minimizea penal-
izedlikelihoodcriterion.

Givenageneralizedadditivemodellet!#�$�&%�' �( ) * � + ) �.- � ) �
andconsiderthelikelihood mn� + �
	��a����	 + ��� asa function o � � !p�
	�������	D!a���rq .
Considerthefollowingoptimizationproblem:Overp-tuplesof functions+ ��	����a�a	 + �
with continuousfirst andsecondderivativesandintegrablesecondderivativesfind
onethatminimizess mt� + �
	�������	 + ���Q� mn�.o ]uv�v6 @w �( ) * �,x )zy � + q q) �.- �L� M�{ -
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where x )}| F~	=���A@�	a�����a	 s aresmoothingparameters.

Again we canshow thatthesolutionis anadditive cubicsplinewith knotsat the
uniquevaluesof thecovariates.

In orderto find the
j
s thatmaximizethispenalizedlikelihoodweneedsomeopti-

mizationalgorithm.We will show thattheNewton-Raphsonalgorithmis equiva-
lent to thelocal-scoringprocedure.

As beforewecanwrite thecriterionas:s mn� j ��	��a���a	 j ����� mt�5o 	uv�?6 @w �( ) * �Vx ) j q)�� ) j ) �
In orderto useNewton-Raphsonwelet � � 8 m [ 8 o and � �`6 8 M m [ 8 o M . Thefirst
stepis thentakingderivativesandsolvingthescoreequations:����� � ' x � � � � ����� �� � ' x M � M ����� �

...
...

...
...� � ����� � ' x � � �

�a����
����� j �� 6 j R�j �M 6 j RM...j �� 6 j R�

�a���� � ����� � 6 x � � � j R�� 6 x � � � j RM...� 6 x � � � j R�
�a����

whereboth � and � areevaluatedat o R . In theexponentialfamily with canonical
family, theentriesin theabovematricesareof simpleform, for examplethematrix� is diagonalwith diagonalelements� �_�$� � 8 �$�5[ 8 !��5� M O H �� .

To simplify this further, we let � � o R ' � H � � , and � ) � �5� ' x ) � ) � H � � , a
weightedcubicsmoothing-splineoperator. Thenwecanwrite����� � � ������� � �� M � ����� � M...

...
...

...� � � � ����� �
� ����
����� j ��j �M...j ��

� ���� � ����� � � �� M �...� � �
� ����
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Finally wemaywrite thisas����� j ��j �M...j ��
�a���� � ����� � � �5� 6 e )��* � j �) �� M �5� 6 e )��* M j �) �...� � �5� 6 e )��* � j �) �

�a����
ThustheNewton-Raphsonupdatesareanadditive modelfit; in fact they solve a
weightedandpenalizedquadraticcriterionwhichis thelocalapproximationto the
penalizedlog-likelihood.

Note: any linearsmoothercanbeviewedasthesolutionto somepenalizedlike-
lihood. Sowe canset-upto penalizedlikelihoodcriterionso that thesolutionis
whatwewantit to be.

Thisalgorithmconvergeswith any linearsmoother.

8.1.2 Infer ence

Deviance

Thedevianceor likelihood-ratiostatistic,for a fittedmodel i� is definedby� � u�] i� ��� w � mt� ���?�t� ]nu��v6 mn� i� ���
where � �?�U� is theparametervaluethatmaximizesmt� i� � over all � (thesaturated
model). We sometimesunambiguouslyuse io as the argumentof the deviance
ratherthan i� .

Rememberfor GLM if wehave two linearmodelsdefinedby
!p�

nestedwithin
! M ,thenunderappropriateregularityconditions,andassuming

!p�
iscorrect,

� � i! M ] i!9�t���� �52 ] i!p�t��6X� �.2 ] i! M � hasasymptotic� M distributionwith degreesof freedomequal
to the differencein degreesof freedomof the two models. This result is used
extensively in theanalysisof deviancetablesetc...
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For non-parametricwecanstill computedevianceandit still makessenseto com-
parethedevianceobtainedfor differentmodels.However, theasymptoticapprox-
imationsareundeveloped.

H&T presentheuristicargumentsfor thenon-parametriccase.

Standard errors

Eachstepof the local scoringalgorithmconsistsof a backfittingloop appliedto
theadjusteddependentvariables� with weights � givenby theestimatedinfor-
mationmatrix. If � is theweightedadditivefit operator, thenatconvergenceio � ��� io ' � H � i� �� ��� 	
where i� � 8 m [ 8 io . Theideais to approximate� by anasymptoticallyequivalent
quantity � R . We will not bepreciseandwrite

4
meaningasymptoticallyequiva-

lent.

Expanding i� to first orderaboutthetrue o R , we get � 4 � R ' � H �R � R , which has
meano R andvariance� H �R<� 4 � � .

Rememberfor additive modelswe hadthefitted predictor io � � u where
u

has
covariance� M � . Here io � ��� , and � hasasymptoticcovariance� H �R . � is not a
linearoperatordueto its dependenceon i� andthus

u
throughtheweights,sowe

needto useits asymptoticversion� R aswell. We thereforehave �¡9¢ � io �Q4 � R � H �R � q R � 4 ��� H � � q �
Similarly  �¡9¢ � ij ) �Q4 � ) � H � � q) �
where� ) is thematrix thatproducesij ) from : .
Undersomeregularity conditionswe canfurther show that i£ is asymptotically
normal,andthispermitsusto constructconfidenceintervals.
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8.1.3 Degreesof fr eedom

Previously we describedhow we definedthedegreesof freedomof theresiduals
asthe expectedvalueof the residualsumof squares.Theanalogousquantityin
generalizedmodelsis the deviance. We thereforeusethe expectedvalueof the
devianceto definetherelative degrees of freedom.

We don’t know the exact or asymptoticdistribution of the devianceso we need
someapproximationthatwill permitusto getanapproximateexpectedvalue.

UsingasecondorderTaylorapproximationwe have that

E ¤ � � u�] i� �U¥�4 E ¤¦� uX6 i� � q � H � � u§6 i� �r¥
with � theHessianmatrixdefinedabove.Wenow write thisin termsof the“linear
terms”.

E ¤¦� u¨6 i� � q ��� u¨6 i� �r¥�4 �5� 6 io � q ���5� 6 io �
andwecanshow thatthis impliesthatif themodelis unbiased

E � ����� { + �
with { + ��C�6 tr � w � 6 � q ����� H � �
Thisgivesthedegreesof freedomfor thewholemodelnot for eachsmoother. We
canobtainthedfs for eachsmootherby addingthemoneata timeandobtaining

E ¤ � � io M ] io � �U¥�4 tr � w � �?6 � q � � � � � � H �� �v6 tr � w � M 6 � q M � M � M � H �M �
In general,thecrudeapproximation{ + ) � tr �r� ) � is used.

8.1.4 An Example

Thekyphosisdataframehas81 rows representingdataon 81 childrenwho have
hadcorrective spinalsurgery. The binary outcomeKyphosisindicatesthe pres-
enceor absenceof a postoperative deformity (calledKyphosis).Theotherthree
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variablesareAge in months,Number of vertebrainvolvedin theoperation,and
thebeginningof therangeof vertebraeinvolved(Start ).

UsingGLM thesearetheresultsweobtain

Value Std. Error t value
(Intercept) -1.213433077 1.230078549 -0.986468

Age 0.005978783 0.005491152 1.088803
Number 0.298127803 0.176948601 1.684827

Start -0.198160722 0.065463582 -3.027038

Null Deviance: 86.80381 on 82 degrees of freedom

Residual Deviance: 65.01627 on 79 degrees of freedom
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Thedottedlinesaresmoothsof the residuals.This doesnot appearto bea very
goodfit.

Wemaybeableto modify it abit, by choosingabettermodelthanasumof lines.
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We’ll usesmoothingandGAM to seewhat“the datasays”.

Herearesomesmoothversionsof thedata:
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And herearethegamresults:

Null Deviance: 86.80381 on 82 degrees of freedom

Residual Deviance: 42.74212 on 70.20851 degrees of freedom

Number of Local Scoring Iterations: 7

DF for Terms and Chi-squares for Nonparametric Effects

Df Npar Df Npar Chisq P(Chi)
(Intercept) 1

s(Age) 1 2.9 6.382833 0.0874180
s(Start) 1 2.9 5.758407 0.1168511

s(Number) 1 3.0 4.398065 0.2200849
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Notice that it is a muchbetterfit andnot many moredegreesof freedom.Also
noticethatthetestsfor linearityarecloseto “rejectionat the0.05level”.
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We caneitherbehappy consideringtheseplotsasdescriptionsof thedata,or we
canuseit to inspirea parametricmodel:

Beforedoingso,we decidenot to includeNumberbecuaseit seemsto beasso-
ciatedwith “Start” andnot addingmuchto thefit. This andotherconsiderations
suggestwenot includeNumber . Thegamplotssuggestthefollowing “paramet-
ric” model.

glm2 <- glm(Kyphosis˜poly(Age,2) + I((Start > 12) * (Start - 12)),
family=binomial)

Herearetheresultsof thisfit... muchbetterthantheoriginalGLM fit.

Coefficients:
Value Std. Error t value
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(Intercept) -0.5421608 0.4172229 -1.2994512
poly(Age, 2)1 2.3659699 4.1164283 0.5747628
poly(Age, 2)2 -10.5250479 5.2840926 -1.9918364

I((Start > 12) * (Start - 12)) -1.3840765 0.5145248 -2.6900094

(Dispersion Parameter for Binomial family taken to be 1 )

Null Deviance: 86.80381 on 82 degrees of freedom

Residual Deviance: 56.07235 on 79 degrees of freedom

Number of Fisher Scoring Iterations: 6

Herearetheresidualplots:
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8.1.5 Prediction usingGAM

Oftenwewish to evaluatethefittedmodelat somenew values.
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With parametricmodelsthis is simplebecauseall we do is form a new design
matrixandmultiply by theestimatedparameters.

Someof the functionsusedto createdesignmatricesin lm, glm a andgamare
datadependent.For examplebs() , poly() , make somestandardizationof the
covariatebeforefitting andthereforenew covariateswould changethe meaning
of theparameters.

As anexamplelook atwhathappenswhenwepredictfittedvaluesfor new values
of AGEin theKyphosisexampleusingpredict() .

Thesolutionis to usepredict.gam() thattakesthis into account

••
••
••
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
••
••
••
••
•••

••••
••••••••••••••••••••••••••••••

•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

predict

pAge/12Í

bi
no

m
ia

l()
$i

nv
er

se
(a

ux
2[

, 1
])

0
ª

5
«

10 15 20
¬

25
¬

30
Î

0.
2

0.
4

0.
6

•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
••
••
••••

•••••••••••
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•••••••••••••••••••••••••••••••••••••••••••

predict.gam

pAge/12Í

bi
no

m
ia

l()
$i

nv
er

se
(a

ux
1[

, 1
])

0
ª

5
«

10 15 20
¬

25
¬

30
Î0.

0
0.

2
0.

4
0.

6

predict.gam is especiallyusefulwhenwe want to make surfaceplots. For
example:
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8.1.6 Over-interpreting additivefits

Oneof theadvantagesof GAM is their flexibility . However, becauseof thisflexi-
bility wehave to becarefulnot to “over-fit” andinterprettheresultsincorrectly.

Binarydatais especiallysensitive. Weconstructasimulatedexampleto seethis.

Thefollowing figureshowsthefunctionalcomponents+ � and + M of aGAM

logit ��Ñ�Ò � �`�A@~�ÔÓ�	 O �L�Õ�`6�@�' + � � ÓÖ�V' + M �hO �
with

Ó
and O independentuniform(0,1).
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Wealsoshow the“smooths”obtainedfor adatasetof 250observationsandadata
setof 50observations.Noticehow “bad” thesecondfit is.
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If wemakeaplotof themean
� �5Ø 	DÙÚ� andof it’ sestimateweseewhy thishappens.
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We have relatively large neighborhoodsof ¤ F~	a@a¥�Ü ¤ FÚ	�@a¥ that containonly 1s or
only 0s. Theestimatesin theseregionswill have linearpartcloseto infinity and
minusinfinity!

Oneway to detectthiswhenwe don’t know “the truth” is to look at theestimates
with standarderrorsandpartialresiduals.If thepartialresidualsfollow thefit to
closelyandthestandarderrors“explode”weknow somethingis wrong.
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8.2 Local Lik elihood

Supposewe have independentobservations � �.Ý �L	 2 �n��	�������	 �.Ý Y 	 2 Y ��� thatarethe
realizationof a responserandomvariable

�
given a Þ Ü&@

covariatevector Ý
which we considerto beknown. Giventhecovariate Ý , theresponsevariable

�
follows a parametricdistribution

�àß � �.2 ]Dá�� where
á

is a functionof Ý . We are
interestedin estimating

á
usingtheobserveddata.

Thelog-likelihoodfunctioncanbewrittenasmn� á#�
	�������	Lá Y ��� Y( � * �?âlã�ä � �52 �h]Dáa�.� (8.1)

where
áa�V�æå �.Ý �.� . A standardmodelingprocedurewould assumea parsimonious

form for the
áa�

s, say
áa��� Ý q�3ç ,

ç
a Þ Ü"@

parametervector. In this casethe
log-likelihood mn� á#�
	�������	Lá Y � would be a function of the parameter

ç
that could

be estimatedby maximumlikelihood, that is by finding the iç that maximizesmt� á#�
	����a�a	Lá Y � .
The local likelihoodapproachis basedon a more generalassumption,namely
that

å �.Ý � is a “smooth” function of the covariate Ý . Without more restrictive
assumptions,themaximumlikelihoodestimateof è � � å �EÝ �n�
	a�����a	Lå �EÝ Y ��� is no
longer useful becauseof over-fitting. Notice for examplethat for the caseof
regressionwith all the Ý � sdistinctthemaximumlikelihoodestimatewouldsimply
reproducethedata.

Supposewe are interestedin estimatingonly
á R �éá �EÝ R � for a fixed covariate

value Ý R . Thelocal likelihoodestimationapproachis to assumethatthereis some
neighborhoodê R of covariatesthat are“close” enoughto Ý R suchthat the data� �.Ý �h	 2 �E�
] Ý ��ë ê R � containinformationabout

á R throughsomelink function
!

of
theform á R � å �EÝ R �Qì&! �.Ý R 	 ç � and (8.2)áa�í� å �EÝ �.�Q4&! �.Ý �h	 ç ��	 for Ý �îë ê R � (8.3)

Notice that we areabusingnotationheresincewe areconsideringa different
ç

for every Ý R . Throughoutthework wewill beactingasif
á R is theonly parameter

of interestandthereforenot indexing variablesthatdependon thechoiceof Ý R .
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The local likelihoodestimateof
á R is obtainedby assumingthat, for datain ê R ,

thetruedistributionof thedata,� �52 �h]Dáa�.� is approximatedby+ �.2 ��] Ý �=	 ç �Qì � �.2 ��]D! �.Ý �h	 ç �n�
	 (8.4)

finding the iç maximizesthelocal log-likelihoodequationm R � ç �Q� (ï�ðEñóò/ô Gg� âlã�ä + �.2 ��] ç �
	 (8.5)

andthenusingEquation(8.2) to obtainthe local likelihoodestimate iá R . Here
Gg�

is a weight coefficient relatedto the “distance”betweenÝ R and Ý � . In orderto
obtaina usefulestimateof

á R , we need
ç

to beof “small” enoughdimensionso
thatwefit aparsimoniousmodelwithin ê R .
HastieandTibshirani(1987)discussthecasewherethecovariateÝ is arealvalued
scalarandthelink functionis linear! �.- �=	 ç ����õ R ' - �3õ$�
Noticethatin thiscase,theassumptionbeingmadeis thattheparameterfunctionå �.- �E� is approximatelylinear within “small” neighborhoodsof - R , i.e. locally
linear.

Staniswalis (1989)presentsa similar approach. In this casethe covariate Ý is
allowedto beavector, andthelink functionis aconstant! �.Ý �=	Dõ?����õ
The assumptionbeingmadehereis that the parameterfunction

å �.- �5� is locally
constant.

If weassumesadensityfunctionof theformâlã�ä � �52 �h]Láa�E�Q��ö^' �52 �c6<áa�E� M [ � (8.6)

where ÷ and � areconstantsthatdo not dependon the
áa�

s, local regressionmay
beconsideredaspecialcaseof local likelihoodestimation.
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Notice that in this casethe local likelihoodestimateis going to beequivalentto
the estimateobtainedby minimizing a sumof squaresequation. The approach
in Cleveland(1979)andClevelandandDevlin (1988)is to considera realvalued
covariateandthepolynomiallink function! �.Ý �h	 ç ��� ø( ) * R -

) � õ ) �
In general,theapproachof local likelihoodestimation,includingthethreeabove-
mentionedexamples,is to assumethatfor “small” neighborhoodsaroundÝ R , the
distribution of thedatais approximatedby a distribution thatdependson a con-
stantparameter

ç �.Ý R � , i.e. we have locally parsimoniousmodels.This allowsus
to usethe usualestimationtechniqueof maximumlikelihood. However, in the
local versionof maximumlikelihoodwe oftenhave ana priori belief thatpoints
“closer” to Ý R containmoreinformationabout

á R , which suggesta weightedap-
proach.

Theasymptotictheorypresentedin, for example,Staniswalis (1989)andLoader
(1986) is developedunderthe assumptionthat as the size (or radius)of some
neighborhoodof thecovariateof interestÝ R tendsto 0, thedifferencebetweenthe
trueandapproximatingdistributionswithin suchneighborhoodbecomesnegligi-
ble. Furthermore,weassumethatdespitethefactthattheneighborhoodsbecome
arbitrarilysmall,thenumberof datapointsin theneighborhoodsomehow tendstoù . Theideais that,asymptotically, thebehavior of thedatawithin agivenneigh-
borhood,is like theoneassumedin classicalasymptotictheoryfor non-IID data:
The small window sizeassurethat the differencebetweenthe true andapprox-
imating modelsis negligible andthe large numberof independentobservations
is availableto estimatea parameterof fixeddimensionthatcompletelyspecifies
thejoint distribution. This conceptmotivatestheapproachtakenin thefollowing
sectionsto deriveamodelselectioncriteria.
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